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XXI. j4 Memoir on the Single and Double Theta-Functions. 

By A. Cayley, F.R.S., Sadlerian Professor of Pure Mathematics in the 

University of Cambridge. 

Beceived November 14, — Read November 28, 1879. 

The Theta-Functions, although arising historically from the Elliptic Functions, may 
be considered as in order of simplicity preceding these, and connecting themselves 
directly with the exponential function {e*' or) exp. x ; viz., they may be defined each 
of them as a sum of a series of exponentials, singly infinite in the case of the single 
functions, doubly infinite in the case of the double functions ; and so on. The number 
of the single functions is =4; and the quotients of these, or say three of them each 
divided by the fourth, are the elliptic functions sn, en, dn ; the number of the double 
functions is (4^=) 16 ; and the quotients of these, or say fifteen of them each divided 
by the sixteenth, are the hyper-elliptic functions of two arguments depending on the 
square root of a sex tic function : generally the number of the p-tuple theta-functions 
is =4^ ; and the quotients of these, or say all but one of them each divided by the 
remaining function, are the Abelian functions of p arguments depending on the 
irrational function y defined by the equation F{x, y) = of a curve of deficiency j9. 
If instead of connecting the ratios of the functions with a plane curve we consider the 
functions themselves as coordinates of a point in a (4^—- l)dimensional space, then we 
have the single functions as the four coordinates of a point on a quadri-quadric curve 
(one-fold locus) in ordinary space ; and the double functions as the sixteen coordinates 
of a point on a quadri-quadric two-fold locus in 15 -dimensional space, the deficiency 
of this two-fold locus being of course =2. 

The investigations contained in the First Part of the present Memoir, although for 
simplicity of notation exhibited only in regard to the double functions are, in fact, 
applicable to the general case of the j9-tuple functions ; but in the main the Memoir 
relates only to the single and double functions, and the title has been given to it 
accordingly. The investigations just referred to extend to the single functions ; and 
there is, it seems to me, an advantage in carrying on the two theories simultaneously 
up to and inclusive of the establishment of what I call the Product-theorem : this is 
a natural point of separation for the theories of the single and the double functions 
respectively. The ulterior developments of the two theories are indeed closely 
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analogous to each other ; but on the one hand the course of the single theory would 
be only with difficulty perceptible in the greater complexity of the double theory ; 
and on the other hand we need the single theory as a guide for the course of the 
double theory. 

I accordingly stop to point out in a general manner the course of the single theory, 
and, in connexion with it but more briefly, that of the double theory ; and I then, in 
the Second and Third Parts respectively, consider in detail the two theories separately ; 
first, that of the single functions, and then that of the double functions ; the 
paragraphs of the Memoir are numbered consecutively. 

The definition adopted for the theta-functions differs somewhat from that which is 
ordinarily used. 

The earlier memoirs on the double theta-functions are the well-known ones :— 

RosENHAiN, " Memoire sur les fonctions de deux variables et a quatre periodes, qui 
sent les inverses des integrales ultra-elliptiques de la premiere classe.'' [1846.] Paris : 
^ Mem. Savans Etrang.' xi. (1851), pp. 361-468. 

GoPEL, 'Theorise transcendentium Abelianarum primi ordinis adumbratio levis. 
'Crelle/ xxxv. (1847), pp. 277-812. 

My first paper — Cayley, " On the Double ^-Functions in connexion with a 
16-nodal Surface," ' Crelle-Borchardt,' Ixxxiii. (1877), pp. 210-219 — was founded 
directly upon these, and was immediately followed by Dr. Bobohardt's paper, 

BoRCHAHDT, ^' Ueber die Darstellung der Kummersche Flache vierter Ordnung mit 
sechzehn Knotenpunkte durch die Gopehchen Relation zwischen vier Theta-functionen 
mit zwei Variabeln.'^ Ditto, pp. 220-233. 

My other later papers are contained in the same Journal. 

MRST PAET.—IFTRODUCTORY. 
Definition of the theta-functions, 

1. The p-tuple functions depend upon ■|p(p + l) parameters which are the co- 
efiicients of a quadric function of p ultimately disappearing integers, upon p argu- 
ments, and upon 2p characters, each ==0 or 1, which form the characteristic of the 
4^ functions ; but it will be sufficient to write down the formulae in the case J9=2. 

As already mentioned, the adopted definition differs somewhat from that which is 
ordinarily used. I use, as will be seen, a quadric function ^(a, h, by^n^ nY with even 
integer values of m, n, instead (a, /i, hyfri^ nY with even or odd values; and I write 
the other term ^7ri{mu-\'nv) instead o£ mU'{-nv ; this comes to affecting the arguments 
It, V with a factor iri^ so that the quarter periods (instead of being m) are made to 
be =1. 

2. We write 

'^^X/'^i^^^' ^^' ^^^' ^i)^+|«(mi^+^y)^ 
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and in like manner 



and prefixing to either of these the functional symbol exp. we have the exponential 
of the function in question, that is, e with the function as an exponent. 
We then write, as the definition of the double theta-functions, 

where the summation extends to all positive and negative even integer values 
(zero included) of m and n respectively : a, ^, y, S might denote any quantities what- 
ever, but for the theta-f unctions they are regarded as denoting positive or negative 
integers ; this being so, it will appear that the only effect of altering each or any of 
them by an even integer is to reverse (it may be) the sign of the function ; and the 
distinct functions are consequently the (4^=) 16 functions obtained by giving to each 
of the quantities a, /3, y, 8 the two values and 1 successively. 

3. We thus have the double theta-functions depending on the parameters (a, h, h) 
which determine the quadric function (a, h^ h \ m, n)^ of the disappearing even 

integers (m, n) : and on the two arguments (ii, v) : in the symbol f ' g ), which is called 

the characteristic, the characters a, ^, y, S are each of them = or 1 ; and we thus 
have the 16 functions. 

The parameters {a, h, b) may be real or imaginary, but they must be such that 
reducing each of them to its real part the resulting function ( ♦ X'^^, n)^ is invariable 
in its sign, and negative for all real values of m and n : this is in fact the condition 
for the convergency of the series which give the values of the theta-functions. 

4. The characteristic H \\ is said to be even or odd according as the sum ay+^S 
is even or odd. 

.Allied functions. 

5. As already remarked, the definition of 

is not restricted to the case where the a, ^, y, S represent integers, and there is 
actually occasion to consider functions of this form where they are not integers : in 
particular, a, y8 may be either or each of them of the form, integer +2- ^^^^ ^^^ 
functions thus obtained are not regarded as theta-functions, and the expression theta- 
function will consequently not extend to include them. 

^ ^ 
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Properties of the theta-functions : Various sub-headings. 

Even-integer alteration of characters, 

6, If X, y be integers, then m, n having the several even integer values from — oo 
to +^ respectively, it is obvious that m+^+2a?, ^^+^+% "will have the same 
series of values with m+ot, 71+ /3 respectively; and it thence follows that 

Similarly if z^ iv are integers, then in the function 

the argument of the exponential function contains the term 

this differs from its original value by 

^7ri{m+cc,2z,-^,n-{-^,2w)f 

= 7ri{7nZ'^7iiv) + Triiaz-^-^w), 

and then, m and n being even integers, mz-{-nw is also an even integer, and the term 
7Ti{mz-^mv) does not affect the value of the exponential : we thus introdu.ce into each 
term of the series the factor exp. iT^(a^+jSt{;), which is in fact =(— )**^+^''' ; and we 
consequently have 

or, uniting the two results. 



<:5f :":)(»-)= (-)--"<;!)(-) 



this sustains the before-mentioned conclusion that the only distinct functions are the 
16 functions obtained by giving to the characters a, /3, 7, S the values and 1 
respectively. 

Odd-integer alteration of characters, 

7, The effect is obviously to interchange the different functions, 
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Even mid odd functions. 

8. It is clear that —m— a, — n— -yS have precisely the same series of values with 
m-^a, 7^+/3 respectively : hence considering the function 

the linear term in the argument of the exponential may be taken to be 

^TTi{ — m — a. — t^+y-+- — ^^ — /3. — 'V+S}, 
which is 

the second term is here =— 7r2:*(my+n8)— '7ri(ay+i88)? where my-^nS being an even 
integer the part — 1r^(wy+^S) does not alter the value of the exponential : the effect 
of the remaining part — 7r2^(ay+^S) is to affect each term of the series with the factor 
exp. — 7^^(ay+iSS)5 or what is the same thing, exp. 7r?*(ay+^8), each of these being in 
fact =(~.)-v+^s. 

We have thus 
viz., m '^j {u, v) is an even or odd function of the two arguments (t^, v) conjointly, 

/a, /3\ 

according as the characteristic ( ' cs ) is even or odd. 



The quarter-periods unity, 
9. Taking z and w integers, we have from the definition 






viz., the effect of altering the arguments u, v into n-^z, v-^w is simply to interchange 
the functions as shown by this formula. 

If z and w are each of them even, then replacing them by 2z, 2ic^ respectively, we 
have 
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which by a preceding formula is 

or the function is altered at most in its sign. And again writing 2z, 2%d for z^ iv we 
liave 

In reference to the foregoing results we say that the theta-functions have the 
quarter-periods (1, 1), the half-periods (2, 2), and the whole periods (4, 4). 



The conjoint quarter qiiasi-periods. 

10. Taking x^ y integers, we consider the effect of the change, ?i, v into 

1 1 

u+'~{aX'\-hy), v+—.{hx-\-hy). 

It is convenient to start from the function 
the argument of the exponential is here 



.2 



\{a,h, 6)[m+a— a^, n+/3— y)' 

^7ri\m'\-a'--x/ti'\-y-^~{aX'\-liy).-\-M'\-^--y,v^ 
which is . 

+ other terms which are as follows : viz., they are 

— -|{a, h, 5X'^}^+^, n-^-^^x, y) -^^{m+ ocax-^hy .-{- m-^ ^.hx-^hy) 
+i(^, h, hjx, yf —lTTi{xM+y.+.y,v+h) 

—^{x.ax+hy,'^.y,hx-\-hy), 

where the terms of the right hand column are in fact 

= +|(a, h, 6X^^+a, n+l3Xx, y) 
. —^TTi{xM+y.'{- ^y.v-^-h) 
— |(a, h, hXx, yf, 
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and the other terms in question thus reduce themselves to 

which are independent of m, n^ and they thus affect each term of the series with the 
same exponential factor. The result is 

or (what is the same thing) for a, jS, writing a-^x, ^+2/ respectively, we have 



'*(!; g)(^^+-.(a.'r+%),^+^(/^aj+&y) 



Taking x, y even, or writing 2x^ 1y for x, y, then on the right hand side we have 



^ "" mi, V), which is=^( V 



but there is still the exponential factor. 

1 
11. The formula3 show that the effect of the change ti^ v into %-{ — .(ax^hy), 

1 
v-\ — .{hx-^by)] where x, y are integers, is to interchange the functions, affecting them 



7^^ 



1 1 

however with an exponential factor; and we hence say that -.(a, h), —.(h, h) are con- 



joint quarter quasi-periods. 



The product'theorem. 



12. We multiply two theta-functions 
it is found that the result is a sum of four products 
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where p, q have in the four products respectively the values (0, 0), (1, 0), (0, 1), and (1, l) ; 
@ is written in place of ^9- to denote that the parameters (a, h, h) are to be changed 
into (2a, 2h, 2b), It is to be noticed that if a, a! are both even or both odd then 
^(a+a'), -|(a— a') are integers; and so if ^^ ^' are both even or both odd then 
\{^-\-^\ ^(^•— /3') are integers ; and these conditions being satisfied (and in particular 
they are so if 0L=:a\ ^=/3') then the functions on the right hand side of the equation 
are theta-functions (with new parameters as already mentioned) ; but if the conditions 
are not satisfied, then the functions on the right hand side are only allied functions. 
In the applications of the theorem the functions on the right hand side are eliminated 
between the different equations, as will appear. 

13. The proof is immediate : in the first of the theta-functions the argument of the 
exponential is 

^m + a , n-\-l3 
to + to^ + y, v + v^ + Sj' 

and in the second, writing m\ n instead of m, n, the argument is 

'm' + a' , n' + /3' \ 

hence in the product, the argument of the exponential is the sum of these two 
functions. 

Comparing herewith the sum of the two functions 
= K2a, 2/., 2bXf.+^{a+al ^+i(^+^'))2 



+i(2a, 2h, 26X/.'+i(a-a ), J^'+W-m 

+i^^'{f^'+i(«-"«0-2t^'+y--r.+.^'+i(i8--i80.2z;'+S--S'}, 

the two sums are identical if only 

m+m'=:2^, n-{-n=^2v, 
m— m'=2/x', 7i--n=2v, 
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as may easily be verified by comparing the quadric and linear terms separately. The 
product of the two theta-functions is thus 

with the proper conditions as to the values of /x, v and of fi, v in the two sums respec- 
tively. As to this, observe that m, m are even integers ; say for a moment that they 
are similar when they are both ~0 or both ™2 (mod 4), but dissimilar when they are 
one of them ^0 and the other of them =2 (mod 4) ; and the like as regards n, n. 
Hence if m, m' are similar fi, {x are both of them even ; but if m, mf are dissimilar 
then //,, ix! are both of them odd. And so if n, n are similar, v^ v are both of them 
even, but if n^ n' are dissimilar then v^ v are both odd. 
14. There are four cases 

m, m similar, n^ n similar, 

m, m dissimilar, % ri similar, 

m, m similar, n, n' dissimilar, 

m, m dissimilar, n, n dissimilar, 

and in the first of these /x, v, iju\ v are all of them even, and the product is 

^^/i(»H-.;). i(^+«)(2„, 2.) . «(«--?■ *'^-«)(2»', 2.-). 

\ 7 + 7, + 0^ / \ 7~"'y > ^""^ / 

In the second case, writing /x+1, ft'+l for \h, {i! the new values of /x, ft' will be both 
even, and we have the like expression with only the characters Ka+a'), i(a-~ a^) each 
increased by 1 ; so in the third case we obtain the like expression with only the 
characters |(/3+/8'), \{^—^') each increased by 1 ; and in the fourth case the like 
expression with the four upper characters each increased by 1. The product of the 
two theta-functions is thus equal to the sum of the four products, according to the 
theorem. 



Resume of the ulterior theory of the singh functions. 

15. For the single theta-functions the Product-theorem comprises 16 equations, 
and for the double theta-functions, 256 equations : these systems will be given in full 
in the sequel. But attending at present to the single functions, I write down here 
the first four of the 1 6 equations, viz. : these are 

MjDCCuIjXXX* v) a 
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0.0 :^Q{u+u').^l%u-u)= XX'+YY', 

1.0 :^l „ ^l „ = YX'+XY', 

0.1 .* J „ .jj „ = XX'- YY', 

1 1 

i. 1 ^ -t 35 1 J? — " "■" i Y\. —p" A, X J 

where X, Y denote @( ]{2u), @( ]{2u) respectively^ and X', Y' the same functions 

of 2t6' respectively. In the other equations we have on the left hand the product of 
different theta-functions of t^^'^^ '?i'-—i/'' respectively, and on the right hand expressions 
involving other functions, X.^, Yj^, X.i\ Y^', &c., of 2u and 2t^' respectively. 

16. By writing u=0, we have on the left hand, squares or products of theta- 
functions of u, and on the right hand expressions containing functions of 2u : in 
particular the above equations show that the squares of the four theta-functions are 
equal to linear functions of X, Y; that is, there exist between the squared functions 
two linear relations : or again, introducing a variable argument x, the four squared 
functions may be taken to be proportional to linear functions 

Wi{a-x), ^{b^x), Qt{G-x), m{d--x) 

where ^, 2$, ®, IS, a, 6, c, d, are constants. This suggests a new notation for the 
four functions, viz. : we write 

^(o)(^^)' ^G)(^*)' Ki)^''^' ^(i)^""^ 

= At^, Bu, Cu, Du ; 

and the result j ust mentioned then is 

=^(a-^) : ^{b-x) : Qt{G-x) : m{d-x), 

which expresses that the four functions are the coordinates of a point on a quadri- 
quadric curve in ordinary space. 

17. The remaining 12 of the 16 equations then contain on the left hand products 
such as A{u+it).B{u'--u^); and by suitably combining them we obtain equations 
such as 



AND DOUBLE THETA-FUNCTIONS. 907 

Xj • JA. """* xi. , jj f^ , / .V 

-~ — =mnction (t^ j, 

where for brevity the arguments are written above; viz., the numerator of the 
fraction is 

and its denominator is 

0{u-\-u)J){%i'-u')'\'J)(%b-\'ii)C(u'--ii). 

Admitting the form, of the equation, the value of the function of %i' is at once found 
by writing in the equation ti=0; it is, as it ought to be^ a function vanishing for 

18. Take in this equation ii' indefinitely small; each side divides by u\ and the 
resulting equation is 



QuDu 



= const. 



where A!uy B% are the derived functions, or differential coefficients in regard to ^«^. 
It thus appears that the combination A.ii&u—'BiiA^u is a constant multiple of CuDii: 
or, what is the same thing, that the differential coefficient of the quotient-function 

-7— is a constant multiple of the product of the two quotient-functions 7— and - — 

Au ^ ^ ^ Alb Alb 

19. And then substituting for the several quotient- functions their values in terms 
of cc, we obtain a differential relation between x^ u ; viz. : the form hereof is 

-f Mdx 

\/ CO "-^iX/tO ""^iX/tC "-^tA/tCb ""^ (a) 

and it thus appears that the quotient-functions are in fact elliptic-functions : the 
actual values as obtained in the sequel are 

1 

sn Kit = y=Dz^ -~ Vib, 

en Kte = a/ j Bu -r- Cti, 
dnKn= ^/k'Au'rGu ; 

and we thus of course identify the fimctions Au, Bu, Cu, Du with the H and @ of 
Jacobi. 

20. If in the above-mentioned four equations we write first t^=0, and then t/=0, 
and by means of the results eliminate from the original equations the quantities 

6 A 2 
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X, Yj X\ Y' which occur therein, we obtain expressions for the four products such a,s 
A{u'^u)A(ti'—ti), One of these equations is 

Taking herein ii' indefinitely small, we obtain 



c% 



CO 



CO/ Ght 



# 



where the left hand side is in fact r-r log* Cti, or this second derived function of the 



cho^ 



Dti 



theta-function Ct^ is given in terms of the quotient-function — : hence integrating 



Gu 



twice, and taking the exponential of each side we obtain Cu as an exponential the 



'D% 



argument of which contains the double integral ^{diif, of a squared quotient- 
function. This in fact corresponds to Jacobi's equation 



%u= , /2K/gM""('-i)-^-|/"l„ 



dum'^u 



21. From the same equation C^0.C(t^+t/)C(t^-~tO===C%C%/-D%D%/, differen- 
tiating logarithmically in regard to u\ and integrating in regard to ii, we obtain an 

equation containing on the left hand side a term log p^'^^^L and on the right hand 

an integral in regard to u, and which in fact corresponds to Jacobi's equation 



Uj: — hi loff.;^; r 



II(u, a), 



=f 



k^ sn a cii a dn a sn^tcdto 

- ' "■ _____ — _^ • 



22. It may further be noticed that if in the equation in question, and in the three 
other equations of the system, we introduce into the integral the variable x in place 
of u, and the corresponding quantity i in place of u\ then the integral is that of an 
expression such as 



dx 



JL \/ Cv ■*—" tiO. — QCC ~~" OC, Cu ■*— tG 



where T is =a? — |^, or is = any one of three forms such as 



1, X-f-g, Xg 

1, a+6, ah 
1, c+d, cd 
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Resume of the ulterior theory of the double functions, 

23. The ulterior theory of the double functions is intended to be carried out on the 
like plan. As regards these, it is to be observed here that we have not only the 
16 equations leading to linear relations between the squared functions, but that the 
remaining 240 equations lead also to linear relations between binary products of 
different functions. We have thus between the 16 functions a system of quadric 
relations, which in fact determine the ratios of the 16 functions in terms of two 
variable parameters x, y, (The 16 functions are thus the coordinates of a point on 
a quadri-quadric two-fold locus in 15 -dimensional space.) The forms depend upon six 
constants, a, 6, c, d, 6,/": and writing for shortness 

\/a= \/a — x,a — y, 

\/(^b^==^'^^{\/a'-xJ)--xf'-x.c---yA-"yX'-—y-\'\/ 

X y 

(observe that in the symbols \/ah it is always / that accompanies the two expressed 
letters a, h — or, what is the same thing, the duad ah is really an abbreviation for the 
double triad abfcde) ; then the 16 functions are proportional to properly determined 
constant multiples of 

\/a, \/b^ \/c, \/J, \/e, \/f \/ab^ \/ac, \/ad, \/ae, vbc, \/bd, \/he, \/cd^ \/ce, s/de, 

and this suggests that the functions shall be represented by the single and double letter 
notation k.{u, v)^ , . AB(^^, v) , , , viz., if for shortness the arguments are omitted, then 
we have 

A, B, C, D, E, F, AB, AC, AD, AE, BC, BD, BE, CD, CE, DE 

proportional to determinate constant multiples of the before-mentioned functions 
v^a, . . \/ab, . . . of cc and y, 

24. It is interesting to notice why in the expressions for \/ab, &c., the sign con- 
necting the two radicals is + ; the effect of the interchange of x, y is in fact to change 
{u, v) into { — u, —v) ; consequently to change the sign of the odd functions, and to 
leave unaltered those of the even functions : the interchange does in fact leave \/a, 
&c., unaltered, while it changes \/ab, &c., into — \/a6, &c. ; and thus, since only the 
ratios are attended to, there is a change of sign as there should be. 

25. The equations of the product-theorem lead to expressions for 

ti + u' u—vJ u + vJ Vj—u' 
xjL . JD ■"" XJ . xx. 
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(where the arguments, written above, are used to denote the Udo arguments, viz. : 
u^u^ to denote (u-^-u, v+v') and it-^u to denote {u—u\ v—v^) ; and where the 
letters A, B denote each or either of them a single or double letter) in terms of the 
functions of (u, v) and of (u\ v) : and in any such expression taking u\ v' each of them 
indefinitely small, but with their ratio arbitrary, we obtain the value of 

A.6B— B.dA, 

(viz., u here stands for the two arguments {ii, v), and h denotes total differentiation 

d d . . . 

bA=du-~-A{Uf v)-^dvj-A{t{', i?)) as a quadric function of the functions of (u, v) : or 

. B . . . B 

dividing by A^, the form is 5"-= a function of the quotient- functions -r, &c., that is, we 

have the differentials of the quotient-functions in terms of the quotient-functions 
themselves. Substituting for the quotient-functions their values in terms of x, y, we 
should obtain the differential relations between dx, dy, du, dv^ viz., putting for 

shoitiiBBB X.=a--x,b--x,c — x,d'—x.e-'xf'—x, and Y=a— 2/.6— 3/.C— y.c?— ^^.e— 2//~~2/> 

these are of the form 

dx dy xdx ydy 

each of them equal to a linear function of dib and dv : so that the quotient-functions are 

r dx C xdx 

in fact the 15 hyper-elliptic functions belonging to the integrals —7=, —y^; and there 

is thus an addition-theorem for them, in accordance with the theory of these integrals. 

26. The first 16 equations of the product-theorem, putting therein first tt=0, i;=0, 
and then u'=0, v'=0, and using the results to eliminate the functions on the right 
hand side, give expressions for 

%t+u' u—u' 

(that is, A{t{.-\"u\ V'-^v').B{U'—it', v—v) &c.) in terms of the functions of {u, v) and 
{u\ v^) : and we have thus an addition-witli-subtraction theorem for the double theta- 
functions. And we have thence also consequences analogous to those which present 
themselves in the theory of the single functions. 

Remark as to notation. 

27. I remark as regards the single theta-functions that the characteristics 

t) (?) (i 

might for shortness be represented by a series of current numbers 



U^ 1; 2. 
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and the functions be accordingly called B-^n, 3-jU, 3-^u, B^u ; but that invStead of this I 
prefer to use throughout the before-mentioned functional symbols 



A, 



B, 



c, 



D. 



As regards the double functions, I do, however, denote the characteristics 



00 


10 


01 


11 


00 


10 


01 


11 


00' 


00' 


00' 


00 


10' 


10' 


10' 


10 



00 10' 01 11 
Ol' Ol' Ol' 01 



00 10 01 11 

ll' ll' ll' 11 



by a series of current numbers 



0, 1, 2, 3, 



4, 5, 6, 7, 



8, 9, 10, 11, 12, 13, 14, 15 



and write the functions as ^^ ^^ . . . ^^g accordingly ; and I use also, as and when it is 
convenient, the foregoing single and double letter notation A, AB, . . , which 
correspond to them in the order 

BD, CE, CD, BE, AC, C, AB, B, BC, DE, F, A, AD, D, E, AE 

Moreover I write down for the most part a single argument only : thus, A^tt+u) 
stands for A{u+u, v+v), A(0) for A(0, 0) : and so in other cases. 



SECOND PAET.— THE SINGLE THETA-PUNCTIONS. 

Notation^ &c. 

28. Writing exp. a=:g, and converting the exponentials into circu.lar functions, we 
have directly from the definition 







S-Ju)=S^u=Au=l + 2q cos Tni+2q'^ cos 27rt6+2g''^ cos 37ru-{- . . , 







B^ (u)=$-iU='Bu= 2q^ cos ^'7TU'{'2q^ cos ^7ru+2qr cos f7rw+ • • ^ 
^^(tt)=^^t^==Ct^=l — 2g cos 7r^+2g^cos 27716—2^^ cos 37ri^+ . . (=©(Kt*), Jacobi), 
S-Jii)=3-^i(,=J)u= — •2g*sin^7rt^+2g^sinf7r^^— 2g^cos|7rw+ • • (=— H(Kt^), Jagobi), 

where a is of the form a=:— -ot+^z, a being non-evanescent and positive: hence 
g= exp. (— -a+^^)=e"''*(cos/3+^sin^), where e~% the modulus of q is positive and 
less than 1 ; cos /3 may be either positive or negative, and g* is written to denote 
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exp. ^(— a+^i), viz. : this is =:e~^''{cos |^/S+^*sin ^yS}. But usually ^=0, viz,, q is a 
real positive quantity less than 1, and (f denotes the real fourth root of q, 

I have given above the three notations, but as already mentioned propose to employ 
for the four functions the notation Am, 'Bu, Cit, D^^ : it will be observed that Die is an 
odd function, but that Au, 'Bit, Cit are even functions of it. 



29. We have 



The constants of the theory. 

A0=l + 2q+2q^+2q'^+ . . 
B0= 22*+2r/+2r/T+ , . 
C0=l-2q+2qf-2q^+ . . 

D0=:0 
B'0=—TT{q^'-Sq^'=5qT^ , . } 



If, as definitions of h, k\ K, we assume 
then we have 



k=4:^q< 



l + r + gH . . 
1 + 2^ + 2^*+ . . 



2 



, =4v/^(l-4^+lV+. .). 



¥= 



^lr|±|£!^|%l_8,+32,^-96,3+.. 



^- 2{l-2q + 2^- . .)(l + q^ + q'+ ..) ' " ^^-l "i-^^-l-^S "hUg -^ . . ;, 

where I have added the first few terms of the expaBsions of these quantities. We 
have identically 

It will be convenient to write also as the definition of E, 

K(K-E) = ^: 
we have then 



and moreover 



E=K-i <§. =^^^A_^^{_A.o(D-„)HB»O.CO.O-0}, 



E_ l_q^ _2'!T\q-Aq^+9q^ 



K~K3 CO K2 1-2^ + 2^*+ .. 
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giving 



E 
K 



l~-8g+48g^— 224g^+ . . 



and thence 



Ez=|7r{l — 4g+20g^— 64t^s+ . . }. 



30. Other formulae are 






k': 



l—q.l-—cf . . 



4 



K: 



2^^ 



l + g.l + ^^ . . 1-qM-qK . 
l-~q.l--q^ . . 1 -i-q^.l + q'^ . . 



2 



31. Jacobins definition of q is from a different point of view altogether, viz., we 
have q= exp. —-r-r-, where 

•1 ^<^ 






Qv/i— A;^sin^ (^ 



and K^ is the like function of F; the equation gives log q 



K 



; viz., we have 



K 



IT ^ ^ 



and, regarding herein K as a given function of q, this equation gives K^ as a function 
of q. 



The product-theorem. 



32. The product-theorem is 



a 



^(:)(«+"').^i;,j(«-»')=«(*';;;>«.«(*<;:; 



a 

7, 



/ \ 7+7 / \ 



7-7 / 



oc oc 



and here giving to , , their difierent values, and introducing unaccented and 
accented capitals to denote the functions of 2u and 2^/ respectively, the 16 equations are 

MDCCCLXXX. 6 B 
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XX. XX 



B.B 



C.C 



D.D 



3^ u^u 3- 'a — u ■■ 
" " 

1 1 



XX' +YY^ 



-f-^ Y 5 



"v"/ _YY' 






(square-set 



O.A 



A.C 



D.B 



B.B 



^ tt + t( ^ 'ii — u 
X U 

1 1 

Q- Q. 

Q- Q- 

^ r\ 35 '^ -I 5? 



X^X/ +Y^Y/', (first product-set) 



X "" "— -Y Y ' 

/ / / / ^ 



YX ' 4-X Y' 



Y^ 



/"^/ 



/ / 



B.A 



A.B 



D.C 



CD 



1 ,0 


" " 



1 '^ 1 ^' 



PF +QQ', 

== PQ' +QP; 
=: iPQ' -^■QP'; 



(second product-set) 



D.A 



A.D 



B.C 






1 / 

3- tl + U'SU — Vj rrr 



^ 








35 



1 
1 



J? 



a Q 



P^P/ +Q,Q/5 (third product-set) 

■^PP;+^Q^Q;, 

p.q; +q.p;- 



33. Here, and subsequently, we liave 
^1 .0 .1 



9,,€)^,@^,0-(2.) 



Y Y Y 



33 3? 33 3 



3 3 3 3 



, (2ti')=x', Y', x/,y; 

„ „ (0) =a, A a„ /3, 



@^, ©J, 0j, @* (2tO =P, Q, P„ Q. 

(2«')=p', q; p;, q; 

(0) =p, q, p; q. 



33 3? ?3 3jf 



33 33 3? 33 



Yiz., we use also a^ jS, u^^ ^^ and p, q, p,, q^ to denote tlie zero-functions; /3^ is=: 0^ but 



d 



we use /3f to denote the zero- value of y Y^ 



dv- 



AND DOUBLE THETA^FUFCTIOlSrS. 
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34. For obtaining the foregoing relations it is necessary to observe that 



7 7 

by which the upper character is always reduced to 0, 1, -| or | ; and that for reducing 
the lower character we have 



H 



^0 ^1 

7 + ^ 7 7 + 2 



1 
7 



X 

9 



1 X 

2 /nv2 



e" . ^=i(&, @ 



7 + 2 



7 7 



'^i 



7 7-f2 



3 o 

7 7 



-2' 



7 



by means of which the lower character is always reduced to or 1 : in all these 
formulae the argument is arbitrary, and it is thus =:2u^ or 2ti' as the case requires. 
The formulae are obtained without difficulty directly from the definition of the 
functions 6. 

35. As an instance, taking , ^z= the product-equation is 

y / X -L 



3 



3-]{u+u).3^%i-u')= @^(2M).@V2tt')+ ®l{2u).@'{2u'), 



1 



1 



2 







2 







3 



i@'(2t<).0'(2w')-i@^(2«).@'(2M'), 



















r.iP.P' 



'^^%'^% i 



which agrees with the before-given value. 

36. The following values are not actually required, but I give them to fix the ideas, 
and show the meaning of the quantities with which we work. 



X =@ (2t^)=::l + 2g^ COS 2iTU'^2(f COS 47rte+ . . , 

1 

Y ■:=.% {2u)^==' 2q^ COS 7ru-^2if cos 3mt+ ^ • ? 

X^ = B (2te)=:::l — 2(/ COS 27rt/^+2g^ cos 4:7ni-\- . . , 

1 

Y^:=@ /2ti)=: —2q^ sin 7ni+2g^ sin37ni+ .. , 



u^=^0 



a 



/3 



a 



1 4.2,/+228+,. 
22*+22^+ . , 



8 



2f+2q^, 



^^'— 2?r(-- ■ 5"^ 4" 3<^"'— . . ) 



d \ ■ 

-,"Y, for te ::=::: 0. 
a?6 ' 



6 B 2 
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P =:B^(2u) = q^{oo& ^TTU-^i sin ^wu)'^q%GOB ^^TTU-—i sin ^wu) 







4-9"(cosf7rtt+'^'sin -|7n^)+ * . ? 



Q z:z@V2t^) = 5*(cos \7TU—i sin |7rtt)+y'(cos f irie+^' sin firw) 







+ 2'"'(cosfin^— ^sinf7rt6)+ • • ? 



1 -f- 'Z' r 



P,=0^(2tt)=— -7=-^ y(cos ^7rM+'^* Bin |-7rit)-~-'y"(cos ^Tru—i sin fTrie) 

— ? "^(cos f irtt + '^* sin f ttm) + + • • 5 



Q=@^(2b) 



1 



•% 



^/2 



g*(cos -|-iTi' —i sin -|7n^) — g'(cos f 7rt^.+^' sin ^wu) 



and therefore also 



g«(cos|irtC'--^ sin|7ri^)++ • • ; 



przqr^g^ + ^' + S'" • — • 



2 5 



4 



v,=^\T~-<r-r -^r -^-r 



]. 



1, 



1 



-% 



v *d 



Do, 



r ; p.=^q/ 



J7i6 square set^ ii=:0 ; and x-fonimlm . 
37. We use the square-set^ in the first instance by writmg therein u: 
equations become 

%i==aX+^Yj ■=:: o}^^{a — x) , 



; the 



I)%=::^X-— aY, =co^©((i,— -x)j 

viz.^ the equations without their last members show that there exist functions o)^ and 
xo}^^ linear functions of X and Y, such that ^, M, ©, ^^ ^a, ^6^ @c, ^(i, "being 
constants, the squared functions may be assumed equal to ^a,oy^—^,o)^x, &c., that is, 
oi^^ifi—x), &c., respectively : the squared functions are then proportional to the values 
^(a— a?), &c. 

To show the meaning of the factor ce)^, observe that from any two of the equations, 
for instance the first and second^ we have an equation without o)^ A%-T-B%=^(a— -a?) 
-r-^(6— x) ; and using this to determine x, arid then substituting in a)^=A^tt-T" 

(ci—x)^ w^e find 



0. 



{a,—h) 
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where the numerator is a function not in anywise more important than any other 
linear function of A^u and Bht. 

38. The function Du vanishes for u=0, and we may assume that the corresponding 
value of X is =d. Writing in the other equations u=0^ they become 

where o)^ is what co^ becomes on writing therein x-==-d. It is convenient to omit 
altogether these factors co^ and o^^ ; it being understood that without them, the equa- 
tions denote not absolute equalities, but only equalities of ratios : thus, without the 
oi^, the last-mentioned equations would denote A^O : B^O : C^O = a^+^^ • 2a^ : a^—^^, 
=^{a'-d) : M{b—d) : &{c—d). The quantities ^, M, ©, W only present themselves 
in the products ^co^, &c., and their absolute magnitudes are therefore essentially 
indeterminate, but regarding o)^ as containing a constant factor of properly determined 
value^ the absolute values of ^, 2S, ®, M may be regarded as determinate, and this 
is accordingly done in the formulae ^^=— agh, &c., which follow. 



Relations hetiveen the constants, 

39. The formulae contain the differences of the quantities a, b^ c, d; denoting these 
differences in the usual manner 



by 



6— c, c— a, a— 6, a-^d, b-^d^ c—d 



a, b, c, f, gv h 



so that 



and also 



. — h +g — a = 05 
h . — f — b=0, 
.g+f . ^G = 0, 

a ""J" D -y"C . HH Uj 

af+bg+ch =0, 



and then assuming the absolute value of one of the quantities My M, €^, 13, we have 
the system of relations 
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M^= •— agli, 



®a=:: 



f 



2 



blif, 
©2= cfg, 






bcf = 



cag = 
eabh = 



^B©ii=abcfgh, 



:^2 



Gm'+h"&''-f'm~=hGf (af+bg+ch), ==0, 
+a~®^ — g^3B^=cag( 



b^^Ha^l^^^ . -FiB^=abh( 
fm^+g-BHh^®^' . =fgb( 



J5 



;i? 



)) 



= 0, 

), =0, 
), =0. 



It is to be remarked that taking c, a, b, d in the order of decreasing magnitude we 
have — a, h, c, f, g, h all positive ; hence ^^, M^ QP', W^ all real ; and taking as we 
may do, 30 negative, then ^, 33, © may be taken positive ; that is we have — a, b, c, 
f, g, h, ^, 2$, ©, — i!9 all of them positive. 

40. We have 



B3 0= 2a/3 =^g, 



0^0 = 



a 



s 



^ 



h. 



The foregoing eqiiations 



I 



Wi) 



,, VjH) 



give 



/(: 



in 






and we thence liave 



W"- 



llQf 



af 



F^=: 



cli 

— at 



satisfying /^'^4-/{;'^=:l 



41. Observe further that substituting for a, b, c, f, g, h their values, we have 



(JIM 2. 



Q^^Jj^l) ^^d.c — d. 



^^^c —a.G — d.a'—'dy 



c—d.d—h.h "-6*5 



2— a — 6.a— c^.6 — -cZ, r=-^.a-~"6.6 — d.d—a 



1^— c -—hx — aM — &, 



.6— c .c — a,a-— &. 



where in the first set of vahies all the differences are positive, but in the second 
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set of values, we take tlie triads of ahcd, in the cyclical order hcd, cda, ahc. There is 
in this last form an apparent want of symmetry as to the signs (viz. : the order which 

might have been expected is H ^ ), but taking the order of the letters to be 

©,^,JS,iP and c,a,b^d, then the cyclical arrangement is 



3. 



■',d—G.G ■^h.h—d. 

' * C ■""■ CltiA' ■""■ (a/» Ct' "~~~ c * 



m- 



xt—h.h — c.( 



CL 



where the four outside signs are all — . Observe that the triads of abed, and abdc, are 



diXivJ. 



bed, cda, dab, abc , 
bdc, dca^ cab, cibd^ 



where in the first and second columns the terms of the same column correspond to 
each other with a reversal of sign, whereas in the third and fourth columns the lower 
term of either column corresponds to the upper term of the other column, but without 
a reversal of sign. 



The product-sets^ ii-:h.^ff : and %{! indefinitely small^ differential formulm. 



42. Coming now to the product-sets, these may be written 



u+ii' u—u' u+tt' u-^u' 



1(0. A + A.C}=:XX;, 
„{D.B + B.Dj^Y^', 



„{D.C + CD} 
i{D.A + A.D} 



(P + Q)(F+Q'), 
i(P-Q)(F + Q'), 

^•(p-^Q,)(p;-^^■Q;)> 



u + u' W-" tl' ti -f u' tfc-^ u' 



i{G.A 


- A.C} = 


= y.y;> 




,.,{D.B 


- B.D} = 


.xy;, 




o I JD,-cL 


- A.B} = 


= (P-Q){P'- 


-Q'), 


„{i>.c 


- C.D} = 


:= i(P + Q){F- 


-Q'), 


i{B.A 


~ A.D} = 


= (p,+^Q.)(p;- 


-iQ;)> 


„{B,C 


- O.B} = 


= -~i(p-.Q,)(p;- 


~iQ:)- 



43. We can from each set form two fractions {each of them a function of u-^-u^ and 
u—u), which are equal to one and the same function oft/ only: for instance, from the 

first set we have two fractions, each -^ : putting in such equation te=0, we obtain a 

new expression for the function of ti involving only the theta-funetions Au\ &c., 
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which new expression we may tlien substitute in the equations first obtained : we 
thus arrive at the six equations 



c 


.A - A, 


, C 


D. 


B B. 


D 


Bio'.Bii,' 


D, 


, B n- B , 


. !)■ 


C , 


, A + A. 


, 0" 


Gu'.Avf' 


B 


.A - A, 


, B 


D 


.C - C 


. D 


Bu'.Gu' 


I), 


. C + . 


, I) 


B 


. A -f A , 


.B 


Uto'.Ati 


B 


. c c 


.B 


IJ 
B. 


. A - A 
, C + 


.D 
.B 


Du'.Au 


D 


. A + A, 


. I) 


Btt'.C«," 



where observe that the expressions all vanish for t/=0. 

44. Taking herein u' indefinitely small we obtain 

Au.mc ^ GuAu ___ Bti.Wu - DtLT/ u _ D^Q.BQ _ B^Q 

Bu,Bu '^" GtLAu " '^"a^O.AO""" A^o' 

_^ AtLB'u-~-B uA'u __ Oujyu~J)u.C'tf. _T^'Om _ _^GH)' 

Gu.Dto '~~ GtkBu AO.BO A-'O 

GtLB\i-Tm.G^ o_ AuJ)'ti,---J)u.Aii _ iyOA O_ __ ^ 
Ato.Du BuGu BO.CO 

where the last column is added in order to introduce K in place of D'O. 

45. These formula in efPect give the derivatives of the quotient-functions in terms of 
quotient- functions : for instance, one of the equations is 

d Bu ^^Bu Gib . 



cM Au Am Au 



substituting herein for the quotient-fractions their values in terms of x, this becomes 



du 



«— iT ft 0" 

or the left hand beino; zi:-~----~~^^^y=rr:~- ^ this is 

^ {a—xyy/d—w cm 

Ki i\/aLdx 

A^a'—x,b—xx—xd—x 

where on the right hand side it would be better to write y^^l in the numerator, and 
x—d in place of d—x in the denominator. 
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Comparison with Jacobi. 
46. The comparison of the formulae with Jacobi ^ives 



snKw= Du-t-Qm, = a/^ a/^LJ^ f or better 



v^/^ 



6 Ji/ 



\ k ^ g ^ G—X 



diiKii = s/h'k.u -~ CBj 



^/FA/ 



> 



V g V G—x 



where it will be recollected that 



—at —at 



It may be remarked that we seek to determine everything in terms of a, 6, c, (L 
The formula just written down, P=bg-i — af, gives k in terms of these quantities ; 
and h, K being each given in terms of q, we have virtually K as a function of k, that 
is of a, h, c, d: but it would not be easy from the expressions of h, K each in terms 

of q, to deduce the actual expression K= p-y:--= of K as a function of k 



The square-set^ u-iiu'. 
47. Reverting to the square-set 

if we first write herein u=0, and then te=0, using the results to determine the values 
01 ^5 I , A. 5 X we nnct 



aC%-j8D%=(a'^-^2)X, 



aGhi-l3Dht'={<x.^-l3')X', 
/8C-'«'— aD~it'= ,, Y', 



and thence 

MDCCCLXXX. 
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{a^-l3'YXX'=oc^.ChtCh^'-\-i3:lB%Wi^'-afi{GhiJ)hi-^J)hcGht'), 



whence 



(where observe that in taking the diflference the right hand side becomes divisible by 
ot^ — /3^, and therefore in the final result we have on the left hand side the simple factor 
a^— /3^ instead of (a^—'^^Y). 
Similarly 

and thence 



48. Hence recollecting that 






the original equations become 



C^O.G{u+u)C{u-u')= ChiCH' -B'uBV, 
C^o:B{u+u)B{u-it')= BhtC'u-ChtB'u. 

49. It will be observed that the four products A{it-^u)A{u—u^), Sec, are each of 
them expressed in terms of C^^u, Bhi, C^u, Bho\ Since each of the squared functions 
Aho, Wto, Chc^ B^u is a linear function of any two of them, and the like as regards 
A^u\ Wit^Chi^ Bht\ it is clear that in each equation we can on the right hand side 
introduce any two at pleasure of the squared functions of u, and any two at pleasure 
of the squared functions of 2i. But all the forms so obtained are of course identical if, 
taking x' the same function of u' that x is of u, we introduce on the right hand side 
X, x' instead of it, ii ; and the values of A{u-\-ti).A.{u'—ii) are found to be equal to 
multiples of V, Vi, V2. V3, where 
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V=a:j— Q^ Vi 



I/y ,-,.L . /y* rY*r\\ 

1, 6+c, 6c 



Vo 



1, h-j-d, hd 
1, c+c^j cd 



Vs' 



1, e + <^5 od 
1, a4-?>j ^?^ 



50. In fact, from the equations A%i^=^(a— a?), A%/=^{a— ,r ) we have 

^=a^(^'^^''''-^''^^'''')' =^(C%A^^.'~A2«C%'), =^-g^(A%,m.'-B%A%.'), 
=^^(A^i.DV-D%AV), =g^{B%DV-:DWV), =j^(C%DV-D%.C%')> 



where it will be recollected that f 
Moreover 



a 



Mm, -gmB=h€n, -h®ii=cg 



(&— c)vi= 



(c-a)v2=- 



(c/-6)v3=- 



6. 
})• 

G- 
C- 

Ci' 

a- 



x,h' 

a.b- 

6.C- 

•XM' 

'C.a 



'X ^ c~ 

-dy C- 

/ 

d, a- 
'x\ h- 
'd, h 



tAJt \J viz 

-ax^d 

'hxi^d 

&/ 

'C.h—d 



(a— (i)Vi= 



, {J^-d)v, 



, {c—d)v3= 



a- 

h- 

c- 
c- 



x.a- 


/ 


Cv ■""" ^. C6 "~~* 


h.a- 


-c, 


d^—b.d— 


x.b- 


~" tX/ J 


KAj ""^ JU, Cv """" 


ch- 


-a. 


d^c^b— 


J(y,(j ~" 


/ 


Cv "~" tX/, Cv *~~ 


a.c- 


-d, 


d—a,d^ 



X 

c 

X 

a 

X 

-6 



or as these may be written 



V 



s 



1 1 

= — {bh. b-^x.b—x.+Ggx—xx —x], =-{gh.a— x.a'-x', +bc.c?— x.c?— x'}, 

Cl) J- 

1 1 

= — r-(cf .c— xc— c-^'.+ah.a— ^.a— x'}, =-{hf.&— aj.6— OJ^. + ca-d— ir.a--^'}, 

h^ g 

1 1 / * 

= ■-~{agxt — xxi'—x\'^h{,b---x.b'-x}, = -{fgx—xx---x\ + ah,d-^ 



that is 



Vi=- 



V2=- 



V3= — 












g 



^^^BhiB^u'+^BhiWu' 



h 1 ®2 



or finally 



~\§,khiA.hi'+^,BhiBh(,'\, =U^SoC^uChi+^I)\Wu'\, 
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Vi= - ^ ( BhiBhi'+ChiGhi,'), = - \ {AhiAht+WuBhi,'}, 
Vo=-,-( C%C%'-A%A%i')>= --(B%B%/-D%iDV), 

51. Hence Vj Vi> V^j V3 denoting these functions of a?, x' or of u, u', we have 



A{u+u)A{u-u')=-^ Vi 






B (m + ?/) B {u — It,') = j^ V2, 
C{u+u')C{u-u') = - V3, 



The square-set u-jzu^ u' indefinitely small: differential formulw of the second order 

52. I consider the original form 

C^O C(t^ + u)G{u - %i) = C%C%' - D^uBht', 

(which is of course included in the last-mentioned equations). 
Writing this in the form 

and taking u' indefinitely small, whence 
the equation becomes 



V- ■ -■ i£-(s-:)l)=«+«ic»c"o-(D'o).|» 

X/naij IS 

G"u /G'uV CO m'OVWu 



Cu \Gu CO \C0/ C% 



J 
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viz., we have iy) log Cu expressed in terms of the quotient-function ^g—, and conse- 
quently Cii given as an exponential, the argument of which depends on the double 
integral du die j^- • 

53. To complete the result I write the equation in the form 






^'^6^ 



CO /l^ V CO / ' /^ \ CO 



Ghi 



B'O 

-— ~ IS = — ^JcK, and 
u 



C"0 . 



CO 



IS =K(K— 11/); hence the equation is 



£,logC»=K.(l-|-i ^), =ff(l-|-tWKul, 



C^ 



or integrating twice, observing that y^log Cu and log Cte, for u=:0, become =0 and 
log Co respectively, 



E 



log Cu= log CO+I ( 1-| ^ K%/-F 



(it^ 







dti'K^sn^K.ti, 







which is in fact 



E 



log @{Ku)= log CO+i ( 1 -"I ^ K%^-FI c?t^ 



(it^K^n^K'e^, 







agreeing with Jacobi's 



log @u= log ©0+1 ( 1 — - ) #—F 



E 
K 



du\ duBiiht, 

Jo 



Elliptic integrals of the third kind. 



54. We may write 



___________ 



Vi 



gli a—m.a--x' 



"^{^'\-%L')?>{%b — %b') 1 Vs 



B%B%6^ 



hf 5— ^.5— 03^ 



C(^^4-^OC0^-^O_ 1 



Vi 



C%C%' 



®fo c—^.c—a:;' 



1) {ii 4- 1/^0 1^('^' "~ '^^0 1 ^ ~~ ^' 



B%/D%^ 



cl—x.d—x' 
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We differentiate logarithmically in regard to t/. Observing that 



JSl.CvvI' '• 



^/afdx' 



\/ a—x' Jy—ocf .c—x\d—x'^ v^X' 



2 V af 7 / 

Tf (aj'X 



suppose, the first equation gives 






Jl\. a/ jx. Cv ■. Y 1 

y/al dx' ^ a—x! 



and if for a moment 



then 



Vl! 



d 



■^;j % 



Vl 



1/y* t /y» /y»/y» 

1^ 6+^5 &c 



5 is put =P(a-— i^^) + Q((i— ^'), 



^^^,^ -^ ^. ^^^^ 



Cu ~~" t/6 Lt't'6 



^i»g(i'+Q^)-=|-S)v;' 



Qf 



(a— a?';vi 



But writius" x'=a we have 



Q(c^— a), = — Qf= 



X ^ (J/ "y" Cv J Cv w 



{a—h){ci—c){d—x)i =— bc(d^— ir). 



that is, Qf=— bc(c^— ir), or 



d 



dx 



;log 



Vx Ijc(c?— ^Q 



re— 0?' («'— ^')Vi 



Hence the equation is 



and similarly 



A!{th) A!(u—%i^) A!(ti'{-ii') ^_^2'K}oG ,t— d—x 



A(w') A('^-"?/) A{u-^'it) v^af 



(^-^Ovi' 






2 



4 



WOib + 1^') 2Kca :^ 
Biu + u) v/af ^ 

C{u + m') 2Kab ,^-, 



C(m') ' C(m-m') C(t^ + w') v^af 






— = — F= y^A 



D(t^VD(i^-iO D(^^^ + it') v^af 



(6-a!')v/ 
J— a; 

(c-*')V»' 

w- -~~X 
— -^ ' — ~ 1 

{d—xf^{x—x') 



/q f dx 
55. Multiply each of these equations by d%{>, =2^^"7x^ ^^^ integrate. We have 

equations such as 



AND DOUBLE THBTA-^FtJNCTIONS. 927 



2ujT~7r+ log ^j-~^~—^= consfc.+ ~-7-^>^ —- -^ y^, 



' A(^0 ^ A{tt + tt') ' \ Va%~^')' Vi\/X 



showing how the integrals of the third kind 



{d—x)dx f(d—x)dx f(d — x)dx f {d—x)dx 



^^3 



y^v^X J V3\/X J Vsa/X j(x — x')y^ 



depend on the theta-functions. 

If, instead, we work with the original equation 






we find in the same way 

d 
= — y - log (1 — Psn^Kt^ sn^Kt/), 

_^ 2/i;^KsnKt6'cnKi^'dnKi^'sn^Kt^y. 
1 — A'^sn^K'i^'sii^Kw 



or multiplying by ^du and integrating 






which is in fact Jacobi's equation 



f JchnKit'GiiK'ic'dnKto'siT^Kic.Kdtc 
1 — /i;%n^K'i^'sii^K'i6 



@Vt 3 1 ^ ©C^^^— ^0 f sn a en a dn (X sn%^ i^-i^ 



1 —khn^a sn% 



I do not effect the operation but consider the forms first obtained, 






as the equivalent of Jacobi's last-mentioned equation, 

A ddition-formiilm. 

56. The addition-theorem for the quotient-functions is of course given by means of 
the theorem for the elliptic functions : but more elegantly by the formulae relating to 
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the form dx-v- v^a—x.h—x.C'-x.d'—x obtained in my paper "On the Double ^-Functions 
(' Crelle-Borchardt/ torn. 87 (1879), pp. 74-81), viz. : for the differential equation 

dx , dy dz 

— -^_ _1„ 'A— -^^ ;— ^ Q 



» 



to obtain the particular integral which for y=d reduces itself to z=x, we must, in the 
formulae of the paper just referred to, interchange a and d : and writing for shortness 
a, b, c, d^a—OJ, h—x^ c — x, d—x^ and similarly a^, b^, c^, d^=a— y, h'--y, c—y, d-^-y, 
then when the interchange is made, the formula become 



V a—z 



(he, ad) 



\/d- — bd — c.(x — y) 

<Y/adb/C^ — -\/a^d^bc 



Ayd—h.d—e{ -v/bdc^a^ + v^b^d^ca } 

{d—c)^'shsi^h^ — (h—a) ^cdc^d^ 

^/d—hd—c{\/Q^^))^ + V^abc/I^ } 

(d — &) y^aca^C/ — (c — a) y^bdb^d^ 



/h—z 
V a-— 2 



-^ {{d—c) v^aba^b/ + (5 ~ c^) 'v/cdc^d^ } 



(5c, ^6^) 



V d~^^ v^bda.c - y/b^d^ac] 
v^adb^c^ — ^a^d^bc 



fd^h 
\/ d^a 



- {ac, hd) 



((i— c) y^aba^b^ — (h — a) v^cdc^d^ 

Vj- — { (d— a) y/bcb^c + {b—c) ^/aba^b^ } 
a ~~~ a 

(d — 5) -v/aca^c^ — (c — a) y'^bdb^d^ 



a/— 

V a — 

a/ -7 {(c?— 5)'v/cac,a, + (c— <^)'\/bdb,dJ 

(5c, ad) 

-v/adb^c^ — v^a^d^bc 

-=- — - {(d—a) y^bcb^c^ ^(p^c) y^ada/d^ 
a """ ts 

(d — c)^aba^b^— (b—a) y/cdc^d^ 



V 



6^ — a 



(ah, cd) 



(^-— 5)y^aca^c^ — (c — ^)y^bdb^d^ 
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57. In the foregoing formnlse (6c, ad) {ac, hd) and {ad, he) denote respectively 



1, x+y, xy 
1, 6+c, he 
1, a-\-d, ad 



1, x+y, xy 


5 


1, c+a, ca 




1, 6+^> ^d 





1, ^+2/^ ir;?/ 

1, a+6, ^6 
1, c-^-d, cd 



and substituting for ^,i$,®,3!5 their values, and for a, b, &c., writing again a—x, 
h — X, &c., we have moreover 



A^u ^c — b.h—d.c—d (a—x), 


■R2v= 


V 


^^ 

99 

(a—z), 
{h-z), 
(c-z), 
(d—z), 


(a- 
(6- 

(«- 


-.v)> 


B^tt — V^c — a.G — d.a — d (b — x), 
Chi y/a—h.a—d.h—d [c—x), 
D^w y^c—h.G—a.a—h (d—x). 


-y\ 
-y), 
-y), 


K\u-^v) y 


>> 






B\u+v) ^ 


:>} 






Q\u^v) ^ 


}> 






D2(it+v)-y 


)} 







the constant multipliers being of course the same in the three columns respectively. 
According to what precedes, the radical of the fourth line should be taken with the 
sign — -. The functions (he, ad), &c., contained in the formulae require a transforma- 
tion such as 



(6 — - c) (be, ad) = 



h—x.h—y, c—xx—y 
h—a.b — d, c—a.c—d 



in order to make them separately homogeneous in the differences a — x, h — x, c — x, 
d—x, and a—y, h—y, c — y, d—y, and therefore expressible as linear functions of 
the squared functions A^u, &c., and A^v, &c., respectively : and the formulae then give 
the quotient-functions A{u-{'V) -T-D{iC'i-v) &c., in terms of the quotient-functions of 
II and V respectively. 

Doubly infinite produet-forms. 



58. The functions Au, Bu, Cu, Dt^ may be expressed each as a doubly infinite 
product. Writing for shortness 

MDCCCLXXX. 6 D 
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m+l+ 11.-^,=. (m, 7i), 



m +(^+1)— .=(m, n), 



'?;^ + 1 + (n + 1 ) ~^.= (p^, ^^) 



then the formulse are 



At/~Ao. rin 1 1+7-^1 



B7i=Bo. nnh+— ' 



C^=Co. nnU + 



lb 



>, 






(m, n) J ' 



Dii—D'0.uini\l + 



to 



(m, n) J ^ 



where in all the formulae m, 7^ denote even integers having all values whatever, zero 
included, from — co to + oo ; only in the formula for Du, the term for which m and 
n are simultaneously = 0, is to be omitted. 

59. But a further definition in regard to the limits is required : first, we assume that 
m has the corresponding positive and negative values, and similarly that n has corre- 
sponding positive and negative values"'^ ; or say, in the four formulse respectively, we 
consider m, ?^ as extending 

m from — /x to />o+2, n from — v to 1^+2, 

P^ 35 ~"/^ „ ///+2, „ ,, —P „ V, 

33 33 """/X ,, />t 5 ,, 5, -— ^ ^^ ^_j-^^ 

3 3 3 ^ "~" f^ }:> f^ 3 3 3 3 3 """" ^33 ^3 

where fi and i^ are each of them ultimately infinite. But, secondly, it is necessary 
that fi should be indefinitely larger than v^ or say that ultimately -"=0. 

60. In fact, transforming the g-series into products as in the ^Fundamenta Nova/ 
and neglecting for the moment mere constant factors, we have 

* This is more tlian is necessary ; it would be enough if the ultimate values of m were —/i, jaf, /a and /i' 
being in a ratio of equality ; and the like as regards n. But it is convenient that the numbers should be 
absolutely equal. 
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At^= {l-+-2q cos wu-i-q^) (l + 2q^ cos 7ru-}-q^) . . , 

'Bu= COB ^TTu{l-\'2q^ COB ?rM+g*)(l+2g*C0S7rw+2^) • - > 
Cu= {l — 2q cos iTU-\-q^) {l — 2q^ cos wu-j-q^), 

Du= Bm^7ru{l — 2q^coB 7rt/.+g'*)(l —25^' cos wu+q^), 

and writing for a moment a ==-—. and therefore g^*+2'~%^=^*''''*H"^~'''''^ 

each of these expressions is readily converted into a singly infinite product of sines 
or cosines 

AM=n. cos ^jriu-^na)^ 

Bt^=n. cos ^iT{u'^na)^ 

Ct^=n. sin -|7r(t^+na), 
Dte=rL sin ^7r{u'\-na), 

where n is written to denote ^i+l? ^^^ ^^ has all positive or negative even values 
(zero included) from -—00 to +^ ;. o^ more accurately from — z/ to z/, if z/ is ultimately 
infinite. 

61. The sines and cosines are converted into infinite products by the ordinary 
formulae, which neglecting constant factors may conveniently be written 

Bm^nu=Il{u-\'m)j G0B^7ru=^II{u-^m), 

where m is written to denote m+l? and m has all positive or negative even values 
(zero included) from — • oo to + go , or more accurately from ■— /x to jx^if jjl be ultimately 
infinite. But in applying these formulae to the case of a function such as sin ^TT{u+na), 
it is assumed that the limiting values ^i^—p. of m are indefinitely large in regard to 
u-{-na; diiidi therefore, since n may approach to its limiting value jb^? it is necessary 

that /x should be indefinitely large in comparison with v, or that -=0. 

62. It is on account of this unsymmetry as to the limits -=0,-=co , that we have 
1 as a quarter period, --: only as a quarter-quasi-period of the single theta-functions. 

The transformation q to r, log q log r=^7r^. 

63. In general, if we consider the ratio of two such infinite products where for the 
first the limits are (i/^? rt^^)? and for the second they are (±ju.', dz^^')? and where for 
convenience we take />c>/x', p>p'^ then the quotient, say [ft, p]^[i^\ ^^ is = exp. (Mu^) 
where 

6 I) 2 
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M: 



1 

8 



'dmdn 



a 
iri 



taken over the area inckided between the two rectangles. We have {m, ^^)=m+^.n, 
— m-^-iOn suppose, where (a being negative) 0=-—-, is positive : the integral is 



dmdn 



(m + idny^ 



dm. 



1 



i6\m + idnL^ 



id 



^W -^ — 

\m — tap m + lavj 



1 -. m—i6v 



ie 



m + i$p ' 



or finally between the proper limits the value is 



2 J -J ffji—i6v\ . I fjL —iOv^ 



^? 



e 



V 



where the logarithms are log (/>c— i^3^)= log a//x^+i^^— ^ tan ^—^ Sec, and the tan""^ 

denotes always an arc between the limits — ^tt, -{-^tt. Hence if -=:oo, -=0, the 

2 . . . . 2'7r Btt^ tt^ 

value is "(—0^—0^+i7^^+-|'75"^)=:-^,= •—--—-; or K=|— . Hence finally 



id 



e 



a 



[JL-T-V,= CO 



IJL-T-p^=z 0]= expf |— ^M^ ). 



64. We have a,=log q, negative ; hence taking r such that log q log r=7r^, we have 
a'=z:log 1% also negative; and r, like q, is positive and less than 1. We consider the 
theta-functions which depend on r in the same manner that the original functions did 
on q, say these are 



r 



A{u, r)=A (0, r) Till 



t Hr 



M 



«a 



m 4- "z^- 






r" 



mmi^ 



r 



B(te5 7^)=:B (0, t) vni< 



1 -f- 



%h 



QYh + ?^^ 



iri 



> 



r 



c(m, r)=c (0, r) nri< 



1+ 






—a 

m 



J 



>, 



V)(u, r) = D'(0, T)uXni< 



1+ 



m + n — : 

'TTl 



^ 
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limits as before, and in particular -=00; it is at once seen that if in the original 



V 

ato 



functions, which I now call A{u, q), B{u, q), C{u, q), D{u, q), we write —.for u, we 

obtain the same infinite products which present themselves in the expressions of the 
new functions k.{ii, r)^ &c., only with a different condition as to the limits ; we have 
for instance 

nn| 14.^-^ j=:nn/i+ — ^V=^^/l^ — ^ 

1T% \ TCI \ 1T%, 



which, interchanging m^ n, and of course also /jl, v, is 

\ m + n — ./ 
with the condition -==0 instead of - = co. Hence disregarding for the moment 

p V 00 

constant factors, and observing that a is replaced by a, we have 



D{u, r)-T-D(--» gj==[/^-f-z^,==Go]-T-[^-T-z^,==0 






=exp (i'^^'^), =exp (i^^logg'). 

65. We have equations of this form for the four functions, but with a proper 
constant nnultiplier in each equation ; the equations, in fact, are 

k{u, r)={A{0, r)-=-A(0, q)} exp (iuHog q)A{^., q\ 
'B{u,r) = {'B{0,r)-i-B{0,q)] „ B(^, g 



C{u, r)={C(0, r)--C(0, q)} „ C(^!, q), 



.m 



DK r)={D'(0, r)-D'(0, 9)}^^ „ Jyi-., q). 

It is to be observed that r is the same function of Ic that g is of ^ : this would at 
once follow from Jacobi's equation log g= — :^, for then log q log r=:7r^ and therefore 

log r=r " — =r- f only we are not at liberty to use the relation in question log g'= — -=- L 
and assuming it to be true we have 
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r B^(0, q) yG \0,q) A(0, y)D'(0, g) 

A\0,q} A\0,q) -^ B(0, ?)C(0, ^) ' 

C^(0, r) Bg(0, r) __ A(0,r)D'(0,r) 

A2(0, 7-)' A2(0, r)' B(0, r)C(0, r) ' 

log^z^-- ^. logr=~— ' 

where if the identity of the two values of h or of the two values of h' were proved 
independently (as might doubtless be done), thie required theorem (r the same function 
of h' that q is of h) would follow conversely: and thence the other equations of the 
system. 

66. We have in the ^ Fundamenta Nova/ p. 75, the equation 

@(0, k) V // @(0, k') 



<\ ' 



writing here K''« instead of u the equation becomes 



IL{iK'u,k)_. ^ /k /',7rK' 2\H(K'm, /^ 






©(0, k) ' V &' -f^ \* K / @(0, /O 



or what is the same thing 



fatb 



I> -■' ? 



W' V-i . /^^ exD (-1^2 W a) 5^^ 
3To;^~ V /? ^^^ ^ 4^ iog ?)• c^o, r) 



C(0, g) 

—7, g'j and 

D(^^, 7"). But the real meaning of the transformation is best seen by means of the 
double-product formulae. 



THIRD PART.— THE DOUBLE THETA-FUNOTIONS. 

Notations^ &c. 

67. We have here 16 functions B-i A {u, v) : this notation by characteristics, con- 
taining each of them four numbers, is too cumbrous for ordinary use, and I therefore 
replace it by the current-number notation, in which the characteristics are denoted by 
the series of numbers 0, 1, 2, ... 15 : we cannot in place of this introduce the single- 
and-double-letter notation A, B, . . , AB, &c., for there is not here any correspondence 
of the two notations, nor is there anything m the definition of the functions which in 
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anywise suggests the single-and-double-letter notation : this first presents itself in 
connexion with the relations between the functions given by the product-theorem : 
and as the product theorem is based upon the notation by characteristics, it is proper 
to present the theorem in this notation, or in the equivalent current-number notation : 
and then to show how by the relations thus obtained between the functions we are 
led to the single-and-double-letter notation. 

68. There are some other notations which may be referred to : and for showing the 
correspondence between them I annex the following table : — 

The double theta-f unctions. 



Asterisk 

denotes the 

odd functions. 


1. 

Current 
number. 


2. 

Obaracter. 


3. 

Single-and- 
double-letter, 
Cayley. 


4. 

GoPEIi. 


5. 

GrOPEIi- 

Oayley. 


6. 

EOSENHAIN. 


7. 
Weier- 

STRASS. 


8. 
Ktjmmbk. 




^Q 


.00 

'^00 


BD 


p'" 


P3 


'^33 


^3 


12 




1 


10 

00 


OE 


R'" 


R3 


33 


4 


8 




3 


01 

00 


CD 


Q'" 


Q3 


33 


01 


10 




3 


11 

00 


BE 


S"^ 


S3 


33 


23 


6 


4 


00 
10 


AC 


P' 


Pi 


03 


34 


4 


# 


5 


■ 10 
10 





m' 


R, 


13 


3 


16 




6 


01 
10 


AB 


Q' 


Qi 


03 


3- 


2 


* 


7 


11 

10 


B 


^'S' 


s, 


13 


24 


U 


8 


00 
01 


BC 


pM 


P3" 


30 


13 


9 




9 


10 
01 


DE 


R" 


R, 


30 


03 


5 


# 


10 


01 
01 


E 


^•Q^' 


Q3 


21 


02 


11 


m 


11 


11 

01 


A 


iS" 


S, 


31 


13 


7 


13 


00 

11 


AD 


p 


P 


00 





1 


# 


13 


10 

11 


D 


tR 


R 


10 


04 


13 


t- 


U 


01 

11 


E 


^Q 


Q 


01 


1 


3 




15 


11 
11 


AE 


S^ 


s 


11 


14 


15 
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69. These are the notations : — 

1. By current-numbers. It may be remarked that the series was taken 0, 1, . . . 15 

instead of 1, 2, . . . 16, in order that might correspond to the characteristic ; 

2. By characteristics; 

3. By single-and-double letters ; 

4. Gopel's, in his paper above referred to, and 

5. The same as used in my paper above referred to ; 

6. RoSEisrHAiN's, in his paper above referred to ; 

7. Weierstrass', as quoted by KoNiGSBEnaEH in his paper '' Ueber die Trans- 
formation der Ahehoheji Functionen erster Ordnung," ^ Crelle-Borchardt/ t. 64 (1865), 
p. 17, and by Borchardt in his paper above referred to ; 

8. Not a theta-notation, but the series of current numbers used in Kummer's 
Memoir '^ Ueber die algebraischen Strahlen-systeme,'' 'Berl. Abh.' 1866, for the nodes 
of his 16 -nodal quartic surface, and connected with the double theta-functions in my 
paper above referred to. 

But in the present memoir only the first three columns of the table need be 
attended to. 

70. It will be convenient to introduce here some other remarks as to notation, &c. 
The letter c is used in connexion with the zero values u-=^0, v=0 of the arguments, 

viz. : — 

rJ-Q, rCf^, rj-g? '^3^ ^4,, ^ Q^ ^g, ^Q, ^l^) '^15 

are even functions, and the corresponding zero-functions are denoted by 

^0' ^1^ ^2? ^35 ^45 ^6^ ^8> ^'9^ ^12' ^15 ^ 

there are thus 10 constants a 

When (u, v) are indefinitely small each of these functions is of course equal to its 
zero-value plus a quadric term in (^u, v), and we may write in general 

there are thus 30 constants c'\ c'"", c\ 
The remaining functions 

^55 '^7^ '^10^ ^11^ '^13> '^14 

are odd functions vanishing for u=^Oy '^=0, and when these arguments are indefinitely 
small we may write in general 

there are thus 12 constants c\ c\ 
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71. All these constants are in the first instance given as transcendental functions of 
the parameters, or say rather of exp. a, exp. A, exp. h (which exponentials correspond 
to the q of the single theory) : viz., in a notation which will be readily understood, the 
constants c, c^^\ c'^, c^ of the even functions are 






m + a? ^^ + S^ 
7 



and the constants c\ d^ of the odd functions are 

^TTit (m+a), (n+^), exp ( ^ .. 

72. It is convenient for the verification of results and otherwise, to have the values 
of the functions, belonging to small values of exp (—a), exp (— &) ; if to avoid 
fractional exponents we regard these and exp ( — h) as fourth powers^ and write 

exp {—a) = Q\ exp (— ^)=R^ exp (— 6) = S^ 
also 

QIl^S=A, QR"^^S=A^ and therefore AA'=Q^S^ 

then attending only to the lowest powers of Q, S we find without difficulty 



Sq\Uj 


)= 1, and therefo 


re also Cq^I, 


^1 


— 2Q cos ^tru, 


Ci=2Q, 


^2 


— 2S cos ^TT'y, 


Co— 2S, 


^3 


2 A cos \7r(u-\-v)'\-1IS^ cos ^Triu—v), 


C3=:2A+2A', 


^ 


= 1. 


^4=1^ 


•^5 


— — 2Q sin ^TTU, 




9-Q 


= 2S cos ^TTV, 


0, 2S, 


KTiy 


— -^ 2A sin ^7t{u+v) — 2A^ sin ^7r{u — v). 






= h 


^8=1. 


5-g 


= 2Q cos ^'TTU, 


C9-2Q, 


5-10 


= — 2S sin^TT'y, 




'^11 


= — 2A sin ^7r{u+v)-^2A^ Bm^iT{u—v), 




^13 


- h 


r» — -1 


'^13 


= — 2Q sin^TTt^, 




^14 


= — 2S siniTTi;, 





5^. =z — 2A cos \tt{u'-\'v)-\'2K^ cos \7r{u--'v), ^5= — 2A+2A^ 

MDCCCLXXX. 6 E 
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73. Tlie expansions might be carried further ;■ we have for instance 

^, =1^2Q* , +2S* „ , c,=l-2QH2S^ 

^8 =1 + 2Q* „ -2S^. „ , C8=1 + 2Q^-~2S^ 

^1, =1^2Q4 ,, ^2^ ,, , c,,= 1^2q^-28\ 

9-1 = 2Q cos -|7n^+2Q^ cos ^wu+2A cos ^7r(t^+2'z;)+2A' cos ^tt{u--'2v)^ 

Ci =2Q+2Q9+2A+2A', 
5^5 = — 2Q sin lirte+SQ® sin Ittu — 2A sin ^w{u-^2v)--2A^ sin ^it{u—2v) 
^9 = 2Q cos "iTTt^+SQ^ COS ^7ru—2A COS ■|7r(t^+2'z;) — 2A^ cos ^7r(te— 2t;), 

C9=2Q+2Q9 — 2A — 2A', 
3-^g == — 2Q sin ■|'7ni+2Q^ sin f7n^+2A sin ^7r(tt+2t') + 2A^ sin ^7r{u'—2v), 

in which last formulae 

A^S^ A^^S^ 

A=QR4S^ =4?-; A=QR-'^S^=-^- 

74. In the single-and-double-letter notation we have six letters A, B^ C, D, 'E, F ; 
and the duads AB, AC, . . . DE are used as abbreviations for the double triads 
ABF, CDE, &G,, the letter F always accompanying the expressed duad ; there are 
thus in all six single-letter symbols, and 10 double-letter symbols, in all 16 symbols, 
corresponding to the double-theta functions, as already mentioned in the order 

'^0 1 3 3 4 5 6 7 8 9 10 11 12 18 M 15 

BD, CE, CD, BE, AC, C, AB, B, BC, DE, F, A, AD, D, E, AE 

where observe that the single letters C, B, F, A, D, E correspond to the odd functions 
5, 7, 10, 11, 13, 14 respectively. 

75. The ground of the notation is as follows : — 

The algebraical relations between the double theta-functions are such that intro- 
ducing six constant quantities a, b, c, d, e,f and two variable quantities {x, y) it is 
allowable to express the 16 functions as proportional to given functions of these quan- 
tities (a, 6, c, d, e,f; x, y); viz.: there are six functions the notations of which depend 
on the single letters a, 6, c, d, e, f respectively, and 10 functions the notations of 
which depend on the pairs ah, ac, ad, ae, be, bd, be, cd, ce, de respectively: each of the 
16 functions is in fact proportional to the product of two factors, viz.: a constant factor 
depending only on (a, b, c, d, e, f), and a variable factor containing also x and y. 
Attending in the first instance to the variable factors, and writing for shortness 

a-^x, h'-^x, c—x, d—x, e-— a^,/-— ^=a, b, c, d, e, f ; X'—y=^Q\ 
a^y^b—y, c^-y, d^-y, e— y,/— ^=a„ b,, c^, d„ e„ f,; 
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these are of the forms 

v^a = V'aa^, \/a& =-z{ -s/abfc^d^e^ + \/a^b/,c(ie } 

and I remark that to avoid ambiguity the squares of these expressions are throughout 

written as (^/af and (v/^2 respectively. _ 

76. There is for the constant factors a like single-and-double-letter notation which 
will be mentioned presently, but in the first instance I use for the even functions the 
before mentioned 10 letters c, and for the odd ones six letters k. I assume that the 
values x^ ^=co, oo (ratio not determined) correspond to the values ^=0^ '?;=0 of the 
arguments ; and that ca is a function of {x, y) which, when {oc, y) are interchanged, changes 

only its sign, and which for indefinitely large values of (a?, y) becomes =t — rs. This 

being so, we write (adding a second column which will be afterwards explained) 



0"-BD--ft>Co ^H 


Oq — Xvbd, 


1 CE „Ci \/ce, 


C^ =„V^C6, 


2— CD— ,,C3 vcd, 


e^ =„\^cd, 


3= BE — ,,03 s/he. 


03 =„\^be, 


4^ AC ,,04, vac, 


O4, =,,VCIC, 


5= C =,,^5 \/o, 


k^ =,,\^e, 


6— AB=„Cg ^/ab, 


Oq =^,,\/ab, 


7= B =J^ s/b, 


krj =„\/h 


8— BC— „C8 "^bc, 


Cg =,,s/bc, 


9—DE— ,,09 v^de, 


c^=,,\/de, 


10- F ,,k,yf, 


%o ^jj'^y? 


11— A — „^iiV a^ 


hi =,>'^(^, 


12 AD „%'\/aJ, 


Ci^=„^/ad, 


13= D =,,\^\/d, 


^13 =5,V rf, 


14= E =„^l4^/e, 


^M =,.V^^. 


15— AE— „CikV aa, 


Ci.=„v^a6, 



viz. : here, on writing x, y=oo ^ 00 ^ each of the functions \/bd, &c. becomes =2^ ; 

and each of the functions v^a, &c., becomes =z^xy ; hence by reason of the assumed 
form of Q)^ the odd functions each vanish (their evanescent values being proportional 

6 E 2 
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to ^5, ^y, ^^Q, kiy ki^, ki^ respectively), while the even functions become equal to c^^ c,, 

^2; ^3^ ^4' ^6. ^8^ ^9. ^13. ^15 respectively. 

Observe further that on interchanging x, y^ the even functions remain unaltered, 
while the odd functions change their sign ; that is, the interchange of x, y corresponds 
to the change ii, v into —Uy — v, ■ 

17. As to the values of the 10 c's and the six ^'s in terms of (a, &, c, d, e,f) these 

are proportional to fourth roots, v a, &c., V ah, &c. ; in v a, a is in the first instance 
regarded as standing for the pentad hcdef, and then this is used to denote a product 
of differences hc.hd.hehfxd.ce.cf.de.df.ef; similarly ab is in the first instance regarded 
as standing for the double triad ahfxde, cxnd then each of these triads is used to 
denote a product of differences, ah.af.hf and cdxe.de respectively. The order of the 
letters is always the alphabetical one, viz. : the single letters and duads denote 
pentads and double triads, thus : 

a=^bcdef, ah-=ahfxde, 

b=:^acde/, ac=^acf.bde, 

c=abdef, ad=adf,bce, 

d = abcef, ae = aef. bed, 

e=abcdf, bc^bcf.ade, 

fz=. abcde, bd=^ bdf,ace, 

be='bef,acd, 

cd^cdf.abe, 

ce^cef.abd, 

de=defMbc. 

There is no fear of ambiguity in writing (and we accordingly write) the squares of 

V a and vab as va and vab respectively ; the fourth powers are written (v a)^ and 

{\/abY ; the double stroke of the radical symbol V is in every case perfectly dis- 
tinctive. _^ 

This being so we have as above CQ=\\/bd, &c., k^=X\/a, &c. : it is, however, im- 
portant to notice that the fourth roots in question do not denote positive values, but 
they are fourth roots each taken with its proper sign (+, — ? -}-% —i^ as the case may 
be) so as to satisfy the identical relations which exist between the sixteen constants; 
and it is not easy to determine the signs. 

The X, y are connected with the u, v by the differential relations 

7 17 ^ { dx dy ^ 

crdtl-\-Tav= -—^i ~y^——^>, 



7,7 if ^dx ydy 1 
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wliere X=;abcdef, Y=a^b^c^d^e/^; which equations contain the constants ts, p, cr, r, the 
values of which will be afterwards connected with the other constants. 

78. The c's are expressed as functions of four quantities a, /8, y, 8, and connected 
with each other, and with the constants (a, h, c, d, e,f) by the formulae 






= 


=a3_^^3_(_y2+S2-a 


)^vhd, 


1= 


= 2(a;8+rS) 




>, V'ce, 


2 = 


= 2(ay+^8) 


? 


, vcd, 


3= 


= 2{a8+^y) 





n ^^H 


4= 


= a2-^^+/- 


-h^= 


„ V ac, 


6 = 


= 2{ay-/3S) 





„ vah, 


8 = 


= a2+^2_yj- 


-8^- 


„ \/bo, 


9 = 


=2(a;8-y8) 





,, vde, 


12 = 


= a3_^3_y3_ 


-82- 


„ \/ ad, 


15= 


=:2(aS-y8y) 


, 


„ vae. 



It hence appears that we can form an arrangement 



^ 125 


.,2 

^ 15 


^2 
^ 6 


• ^ 


a, 6, c 


^2 

^ 95 


— r*2 


^2 
^ 3 




fir / 

a , 6 5 c 


^2 

^ 25 


— /.2 
^ 15> 


^ 8 




// 7 n // 



a system of coefl&cients in the trans- 
formation between two sets of rec- 
tangular coordinates. 



We have between the squares of these coefficients of transformation 6 -f- 9 equations 



that is 

Ce3 _|.?)2 4.c2 =1, 
a"2 + r2+c"2=:l, 

C3 +c'2+c"2=l, 

c2+a2=6'2+r^ c'2+a'2=r2=62, c"^ ^d'^=W -\-h'\ 
a2+62 = c2+c"2, a'2+6'2=c"2=c2, a"2-^-6"2=c2+c'^ 



C^ 


c^ 


c^ 


C4 


12 

9 

2 


+ 1 
+ 4 
+ 15 


+ 6 
+ 3 

+ 8 


~ 



- 


12 
1 

6 


+ 9 
+ 4 
+ 3 


+ 2 
+ 15 
+ 8 


- 

- 

- 


1 

6 

12 

4 
3 

9 


+ 6 
+ 12 
+ 1 


~ 9 

- 4 

3 


- 2 

15 

8 


+ 3 
+ 9 
+ 4 


- 2 
15 

- 8 


-12 

1 

- 6 


15 

8 

2 


+ 8 
+ 2 
+ 15 


-12 
~ 1 

6 


9 

- 4 

- 3 



= 0; 
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and between the products a system of 6 + 9 equations 



aV+6'6''+c^c'' =0, 
a' a +h''h +c'c =0, 
aa -\-hh' -{-cc =0, 



that is 



be 


+b'c' +b"c" = 0, 






ca 


+ c a +c a 0, 






ah 


+ a 6 +a 6 0, 






a, 


7 7 / // T // / / // ''/,,.'' 

6, c 6c —6 c?, ca -— c a. 


a ■ 


//7 / 

—a 6 5 


/ 
a , 


6 , (? 6 c —6c 5 c a — ca , 


aV 


— a'h, 


a , 


6'', c' he' —Vg, ca —ca, 


aV 


—ah, 



c^ c3 


c^ 


c3 


c^ c^ 


9 2 

2 12 

12 9 


+ 4 

15 

1 


15 
1 

4 


-38 
-86 
+ 63 


1 6 

6 12 

12 1 


4 
+ 3 

- 9 


3 

9 
4 


+ 15 8 

8 2 

- 2 15 


12 

-0 1 
6 


+ 4 
+ 3 

9 


8 

2 

15 


+ 3 15 

+ 89 
+ 24 


9 
+ 4 
-0 3 


15 

- 8 
12 


6 
12 
15 


+ 81 
-^6 2 
- 1 2 


-0 2 
+ 15 
+ 8 


+ 1 
+ 6 
-12 


3 

9 
4 


+ 46 
- 3 12 
-91 



= 0; 



each of the first set of 15 giving a homogeneous linear relation between four terms c^ ; 
and each of the second set giving a homogeneous linear relation between three terms 
c^. 0^, formed with the 10 constants c. Thus the first equation is Ci2^+c/+^6^~"^o^=^^ 5 
and so for the other lines of the two diagrams. 

79. I form in the two notations the following tables: — 

Table of the 16 Kummer hexads. 



A 


A 


A 


A 


A 


B 


B 


B 


B 


C 


C 


C 


D 


D 


E 


A 


B 


C 


D 


E 


E 


C 


D 


E 


F 


D 


E 


E 


V] 


E 


E 


B 


AB 


AC 


AD 


AHJ 


AB 


BC 


BD 


B\^ 


AB 


CD 


CE 


AC 


\}\^ 


AD 


AE 


C 


CD 


BD 


BC 


BC 


AC 


AD 


AC 


AC 


BC 


AB 


AB 


BC 


AB 


BD 


BE 


D 


OE 


BE 


BE 


BD 


AD 


AE 


AE 


AD 


BD 


AE 


AD 


CD 


AC 


CD 


{)V\ 


E 


DE 


DE 


CE 


CD 


AE 


DE 


CE 


CD 


m\ 


BE 


BD 


CE 


BO 


DE 


DE 


E 



11 


11 


11 


11 


11 


7 


7 


7 


7 


5 


5 


5 


13 


13 


14 


11 


7 


5 


13 


14 


10 


5 


13 


14 


10 


13 


14 


10 


14 


10 


10 


7 


6 


4 


14 


12 


6 


8 





3 


6 


2 


1 


4 


9 


12 


15 


5 


2 





8 


8 


4 


12 


4 


4 


8 


6 


6 


8 


6 





3 


13 


1 


3 


3 


3 


12 


15 


15 


12 





15 


12 


2 


4 


2 


1 


14 


9 


9 


1 


2 


15 


9 


1 


2 


3 


3 





1 


8 


9 


9 


10 
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m 
O 



o 

CO 

H 

o 
oo 



E.F 
AB.CD 
AC.BD 
AD.BC 


A.AB 
B.BE 
CCE 
D.DE 


D.F 
AB.CE 
ACBB 
AB.BC 


A.AD 
B.BD 
CCD 
EDE 


D.E 
AD.AB 
BD.BB 
CD.CB 


F.DE 
A.BC 
B.AC 
CAB 


CF 

AB.DE 

AD.BE 

AB.BD 


A.AC 
B.BC 
D.CD 
ECR 


CB 
ACAE 
BCBE 
CD.DE 


F.CE 
A.BD 
B.AD 
D.AB 


CD 
ACAD 
BCBD 
CE.DE 


F.CD 
A.BB 
B.AB 
B.AB 


B.F 
ACDM 
AD.CE 
AE.CD 


A.AB 
CBC 
D.BD 
B.BE 


BE 
AB.AE 
BCCE 
BD.DE 




F.BB 
A.CD 
CAD 
D.AC 


B.D 
AB.AD 
BC.CD 
BKDB 


F.BD 
A.CB 
CAB 
E.AC 


B.C 
AB.AC 
BD.CD 
BE.CE 


F.BC 
A.DE 
D.AB 
B.AD 


A.F 
BCDE 
BD.CE 
BE.CD 


B.AB 
CAC 
D.AD 
MAE 


A.E 
AB.BE 
ACCE 
AD.DE 


F.AE 
B.CD 
CBD 
D.BC 


A.D 
AB.BD 
ACCD 
AE.DB 


F.AD 
B.CE 
CBE 
B.BC 


A.C 

AB.BC 

AD. CD 

AE.CE 


F.AC 
B.DE 
D.BR 
E.BD 


A.B 
ACBC 
AD.BD 
AE.BE 


F.AB 
CDE 
D.CE 
E.CD 



o 

T-H CQ O GO 

^' ?0 Tfi o4 
rH T-H 


T-H CO rH O 

rH JN^'aO CO 

T-H T-H 


O 

T-H T-H CO 00 

CO CD T^ iO 


cq 

rH p Cq p 

rH i>I )0 ^ 
T-H rH 


rH rH CO T-H 

CO od o oq 

i-H T-H 


p GO -? p 

O T-H i>I >0 

T-H T-H 


! 

o 

rH Oi CO p 

)0 CO oq )0 

T-H T-H 


-^ GO cq T-H 

r-i r^ CO ^ 

T-H T-H T-H 


rH T-H CO Ci 

)0 ^ 00 oq 


cq 

CO p T-H p 

o T-H r>I CO 

T-H rH T-H . 


CO ^ 

T-H T-H p Oi 

lO ^' 00 T-H 


)0 
Oq CO rH CD 

O rH InI ^ 

T-H rH T-H 


O 

rH Oi T-H Cq 

inI -^ cq 3uo 

T-H r-i 


p GO p CO 

rH iO CO ^ 

T-H T-H T-H 


T-H T-H rH Oi 
i>l CD 00 O 


cq 

CO oq T-H ^ 

O rH i6 CO 

T-H T-H T-H 


CO cq 


)0 

•^ ^. ^ ^ 
o T-H id ^ 

T-H T-H T-H 


>o ^ oq T-H 

i>l CD O CO 


)0 cq 

GO p T-H rH 

O rH CO* ^* 

T-H T-H T-H rH 


o 

rH Oi T-H Oq 

rH 00 O CO 

, T-H 


CQ lO 

'^. ^ ^. ^ 

inI )0 CO ^ 

tH rH 


rH CO rH Oi 

rH CO ^ Cq 

r^ T-H 


rH Cq p GO 

o jnI id CO 

rH r-\ 


CO 

rH O Oq Oi 

T-H CD ^ lO 

T-H T-H 


cq 

r-j rH CO 00 

o inI id ^ 


lO 00 Oq rH 

T-H CD Cq lO 
r-\ rH T-H 


t}H Oi CO o 

d-K CO -^ 

r^ rH rH 


IN. 00 p CO 

rH ^ (M* lO 
r-\ rH rH 


p p tH oq 
d id CO ^ 

rH r~ir-i 
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81. Table of the 60 Gopel tetrads. 



A . B . AE . BE 
A . B . AD . BD 
A . B . AC . BO 


. D . OE . DE 
. E . OD . DB 
. F . AB . DE 


E . E . AB . OD 
D . E . AB . OE 
D.E .OD .OE 


AO . BD . AD . BO 
AO .BE .AE .BO 
AD . BE . AE . BD 


A . . AE . OE 
A . . AD . OD 
A . . AB . BO 


B . D . BE . DE 
B . E . BD . DE 
B . E . AO . DE 


E . E . AO . BD 
D.E .AO .BE 
D . B . BD . BE 


AB . OD . AD . BO 
AB . OE . AE . BO 
AD . OE . AE . OD 


A . D . AE . DE 
A . D . AO . OD 
A . D . A B . BD 


B . . BE . OE 
B . E . BO . OB 
B . E . AD . CE 


E .E .AD.BO 
. E . AD . BE 
. E . OD . DE 


AB . OD . AO . BD 
AB . DE . AE . BD 
AO .DHl .AE .OD 


A . E . AD . DB 
A . M . AO . OE 
A . E . AB . BE 


B . . BD . OD 
B.D.BO .OD 
B.E .AH! .OD 


D . E . AE . BO 
.E .AH) .BD 
. D . BO . BD 


AB . OE . AO . BE 
AB . DE . AD . BE 
AO .DE. AD.OE 


A.E .BO .DE 
A . E . BD . OE 
A . E . BE . OD 


B . . AB . AO 
B . D . AB . AD 
B . E . AB . Afc] 


D . E . AD . AE 
. E . AO . AB 
. D . AO . AD 


BD . OE . BE . OD 
BO . DE . BE . OD 
BO . DE . BD . OE 



11 


7 


15 


3 


5 


13 


1 


9 


14 


10 


6 


2 


4 





12 


8 


11 


7 


12 





5 


14 


2 


9 


13 


10 


6 


1 


4 


3 


15 


8 


11 


7 


4 


8 


5 


10 


6 


9 


13 


14 


2 


1 


12 


3 


15 





11 


5 


15 


1 


7 


13 


3 


9 


14 


10 


4 





6 


2 


12 


8 


11 


5 


12 


2 


7 


14 





9 


13 


10 


4 


3 


6 


1 


15 


8 


11 


5 


6 


8 


7 


10 


4 


9 


13 


14 





3 


12 


1 


15 


2 


11 


13 


15 


9 


7 


5 


3 


1 


14 


10 


12 


8 


6 


2 


4 





11 


13 


4 


2 


7 


14 


8 


1 


5 


10 


12 


3 


6 


9 


15 





11 


13 


6 





7 


10 


12 


1 


5 


14 


2 


9 


4 


9 


15 


2 


11 


14 


12 


9 


7 


5 





2 


13 


10 


15 


8 


6 


1 


4 


3 


11 


14 


4 


1 


7 


13 


8 


2 


5 


10 


15 





6 


9 


12 


3 


11 


14 


6 


3 


7 


10 


15 


2 


5 


13 


8 





4 


9 


12 


1 


11 


10 


8 


9 


7 


5 


6 


4 


13 


14 


12 


15 





1 


3 


2 


11 


10 





1 


7 


13 


6 


12 


5 


14 


4 


15 


8 


9 


3 


2 


11 


10 


3 


2 


7 


14 


6 


15 


5 


13 


4 


12 


8 


9 





1 



The product-theorem, and its results. 
82. The product- theorem was 

*(-f)(«+«').V";i;)(i.-»')=M*'-r?-'^'*'^,:f+'(2»).e«-"?+^-*'^-«+v) 

S/>^/ \y>^/ ry + y ^ 6 + ^ ^ ry — ry ^ 6 — ^ ^ 



where only one argument is exhibited, viz. : u-^u\ u—u\ 2u, 2t/ are written in place 
of {u+uf, v-i-v^), {u—u', v—v^), {2u, 2v), {2u\ 2v^) respectively. The expression on 
the right hand side is always a sum of four terms, corresponding to the values (0, 0), 
(1? 0), (0, 1), and (1, 1) of {p, q). For the development of the results it was found 
convenient to use the following auxiliary diagram. 
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Uppee half of characteristic. 



« 00, 





1 
1 

1 1 



















1 








1 


1 


1 








1 








1 


1 


1 









1 








1 


1 


1 



1 

1 

1 

1 



1 

1 

1 

1 



1 1 
1 1 
1 1 
1 1 



+ + 



2 


i 

2 



1. 

2 



2 





1. 

2 





2 



X 

2 



i 

2 








1. 

2 

1. 

2 






1 

2 

1. 

2 



2 

1 
2 

1 
1 



2 

1 
2 

1 
1 



1<N 





2 




1. 

2 



J. 
2 





A 

2 




1. 

2 





X 

2 



3. 
2 



3. 

a 





0^ 

I 






X 

2 

X 

2 








* 



2 

3. 

2 






3. 

2 



# 








+ 



+ + 



A 

2 



3. 

2 



X 
2 


J. 

2 





2 



3. 
2 








X 

2 

X 

2 






X 

2 
2 



1 J- 
^ 2 

3 X 

2 2 

1 1 

2 ^ 



X 

2 

X 
2 

1 
1 



+ 






3. 

2 



2 



X 
2 



1. 

2 



2. 
2 



3. 



X 

2 



X 

2 



0^ 









X 

2 

X 

2 






1. 

2 

1. 

2 



3. 

2 

3_ 

2 






3 








+ 








X 

2 



X 

2 



1. 
2 



X 
2 




1 

2 



X 

2 



X 

2 



1 

1 

3 

3. 

2 



1 

1 

3. 
2 

3^ 

2 



3. 
2 

3. 
2 




* 



3. 

2 

2' 







« 








X 
2 





X 

2 



3 
2 



3. 

2 







X 

2 



X 

2 



3^ 

2 



A 
2 





+ 






1 
1 

A. 

2 

J. 
2 



1 

1 

3. 

2 

8- 

2 



X 

2 

X 

2 
1 

1 



X 

2 

X 

2 
1 

1 



rH 


rH 




+ 




00, 


+ 




« 


00, 


r-ilG^ 


fHl(N 


1 


1 


3 

2 


1 


1 


A 

2 


S 


3 


2 


2 



1 
1 

A 

2 
^ 2 



A 

2 





A 

2 



3. 

2 



3 
2 


A 
2 


1 





3 

2 





3 


8 


2 


2 





3 

2 


3 
2 












rH 
+ 






A 

2 



3_ 
2 



X 
2 



X 

2 



A 

2 



A 

2 



X 

2 



X 

2 



rH 
+ 



I I 



0^ 
I 



1 

1 

A 
2 

A 

2 



1 

1 

A 

2 

A 

2 



X 

2 

X 

2 
1 

1 



X 

2 

1 

2 

1 
1 



Lower half of characteristic. 



&- <^ 


V 


to 




to 
to 


1 


to 


1 

+ 


to 

+ 

to 


1 


to 
to 


+ 


to 
to 




to 
to 




to 
to 


1 


1 

to 



























































1 








1 





1 





1 





1 





1 





1 





1 





1 





1 











1 





1 





1 





1 





1 





1 





1 





1 


1 1 








1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 





1 





1 





1 





1 





1 





1 





-1 





1 





1 





1 


1 





2 











2 











2 











2 











1 


1 





1 


1 


1 


1 


1 


1 


-1 


1 


1 


1 


1 


1 


1 


1 


-1 


1 


1 1 


1 





2 


1 





1 


2 


1 





1 


2 


1 





1 


2 


1 





1 








1 





1 





-1 





1 





-1 





1 





-1 





1 





-1 


1 





1 


1 


1 


1 


-1 


1 


1 


1 


-1 


1 


1 


1 


-1 


1 


1 


1 


-1 


1 





1 





2 











2 











2 











2 








1 1 





1 


1 


2 


1 





1 


2 


1 





1 


2 


1 





1 


2 


1 








1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


-1 


1 


1 


1 


1 


1 


1 


1 


1 


2 


1 





-1 


2 


1 





1 


2 


1 





1 


2 


1 





-1 


1 


1 


1 


1 


2 


1 








2 


1 








2 


1 





1 


2 


-1 





1 1 


1 


1 


2 

i 


2 








2 


2 








2 


2 








2 


2 







! 
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PBOfESgOE A, OAYLIY OK THE SINGLE 



83. The upper characters of the ©^s have thus the values 0^ 1^ i? f ; the lower 
characters are originally 2, 1, 0, or — 1, and these have when necessary to be by the 
addition or siibtraction of 2 reduced to or 1 ; the effect of this change is either to 
leave the unaltered, or to multiply it by —1 or -J^h ^^ follows 










®7±2~~® 





fy ? 



@ 



7+2 



*e 



®7+2=- 



7' 



i%, 



©.,_o=— ^0 



©' 



<y+2 



= ^@ 



i 

2 

7 

3 
2 

7 



where only the first column of characters is shown, but the same rule applies to the 
second column ; and where we must of course combine the midtipliers corresponding to 
the first and second columns respectively : for instance 



2, X 



%+2 1+2=(-^'-^=)-®; I- 



Thus taking the tenth Hne of the upper half, and the fifth line of the lower half, we 
have 



10 


01 

„ , 


1 

2 


1 

2 


1 

2 


3 

2 


00 


10 


1 


0- 


-1 






3 

2 



. 1 3 

2 2 


3 

2 


1 

2 


3 
2 


1 

2 




3 
2 


3 

2 


3 
2 


1 

2 


0-1 





1 


0- 


-1 





1 


0- 


-1 






giving the value of ^ {u-\-u').:^ Ju—ti') : viz. this is 



10 



1 1 



o 



%y(2n).® y^{2u') 



1 



-1 



i®llC2u) . ®l l{2u') 



3 JL 



3 3 



+®i5(»)-0_j ;(") 



3 J. 



.9 ;(..)■«;;(->) 



+©;*(„)•*•_}*(„) +ieJJ(.. )•»"(..) 



3 3 



3 1 



+®Io^»)-®_15(») 



8 3 



i I 



i@!U„).®'U„), 



1 



1 



where the first column is the value given directly by the diagram, and which is then 
reduced to that given by the second column. 

84. Bitt instead of the @'s we introduce single letters (X, Y, Z, W), (E, F, G, H), 
(I, J, K, L), (M, N, P, Q), with the sufiixes (0, 1, 2, 3), in all 64 symbols, thus 
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@ 00 10 01 11 (2tt) = X Y 



00 

















10 










1 






01 










2 






11 










3 






@ 


io 


il 


^0 


fl (2w) - 




E Jj' 


G H 


00 

















10 










1 






01 










2 






11 










3 






© 


oi 


H 


0^ 
'-'2 


If {2u) = 


I J 


K Ti 


00 

















10 










1 






01 










2 






11 










3 






@ 


11 

22 


S.1 

23 


14 

22 


If {2«) = 




M N 


P (^ 



00 
10 
01 

11 



that is @ (2^i) 



;X, ®nn = Y, &C. 



— Js^i , . 



10 
that is %lJ2ti) 



E, &c. 



The functions of (2tt') are denoted in like 
manner by accented letters 

@JJ^(2%')=X', &c. 




1 

2 



85. To simplify the expression of the results, instead of in each case writing down 

the suffixes, I have indicated them by means of the column headed "Suff." 

Thus 

Suff. 



8-0 



3-l]u+v/.9-^^^^u-u'=XX' +YY' +ZZ' +WW' 



2 



means that the equation is to be read 



:X,X/+Y,Y/+ZA'+W,W,'. 



It is hardly necessary to mention that the ] 8 — ] of the left hand column shows 
the current numbers of the theta-functions ; viz. : the left hand side of the equation is 

And by a preceding remark the single arguments U'\-ti^ and it — u are written in 
place of (u-^u, v-^v) and (ii-^iify v-^-v) respectively. 
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PROFESSOR A. CAYLEY ON THE SINGLE 



The 256 equations now are 



86. First set, 64 equations. 



0- 


-0 


00 '^^ '"'^^ 


.00 


= XX' 


+YY' 


4-ZZ' 


+w w 


Suffixes. 





4« 


-0 


00 
10 


00 
00 


= XX' 


-f-Y Y' 


+ ZZ' 


+w w 


1 


8- 


-0 


00 
01 


00 
00 


- XX' 


+ Y Y' 


+ ZZ' 


_i.w- w 


2 


12- 


-0 


00 

11 


00 
00 


= XX' 


-fYY' 


+ ZZ' 


+w w 


3 


0- 


-4 


0.00 

00 '^^"^'^ 


0.00 


= XX' 


YY' 


+ ZZ' 


WW 


1 


4- 


-4 


00 
10 


00 
10 


- XX' 


Y Y' 


+ ZZ' 


-WW 





8- 


-4 


00 
01 


00 
10 


= XX' 


Y Y' 


+ ZZ' 


WW 


3 


12- 


~4 


00 

11 


00 
10 


= XX' 


-YY' 


+ ZZ' 


-w w 


2 


0- 


-8 


qOO , , 

AA ^" "T" '^ 


0.00 


= XX' 


+ YY' 


-ZZ' 


-WW 





4- 


-8 


00 
10 


00 
01 


- XX' 


+ Y Y' 


ZZ' 


-w w 


3 


8- 


-8 


00 
01 


00 
01 


- XX' 


+ Y Y' 


-ZZ' 


-WW 





12- 


-8 


00 

11 


00 
01 


- XX' 


+ Y Y' 


ZZ' 


WW 


1 


0- 


-12 


0.00 
00 '^"T"'^* ■ 


0.00 


- XX' 


-Y Y' 


-ZZ' 


H-W W 


3 


4- 


-12 


00 
10 


00 

11 


- XX' 


Y Y' 


-ZZ' 


+ WW' 




8- 


-12 


00 
01 


00 

11 


- XX' 


-YY' 


ZZ' 


+w w 


1 


12- 


-12 


00 

]1 


00 

11 


= XX' 


-Y Y' 


ZZ' 


+w w 
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First set, 64 equations (continued). 



1-1 


ao , , 

00 '^^"^'^^ 


ao 


= YX' 


+ XY' 


+ WZ' +ZW' 


Suffixes. 





5 1 


10 
10 


10 

00 


= YX' 


+xr 


+ WZ' +ZW' 


1 


9-1 


10 
01 


10 

00 


= YX' 


+ XT 


--WZ' "ZW 


2 


13-1 


10 

11 


10 

00 


= YX' 


+ XY' 


+ WZ' +ZW 


3 


1-5 


ao , , 


ao 

. >.7^r. U — 71 


- YX' 


X Y' 


4-WZ' -ZW 


1 


5-5 


10 
10 


10 
10 


- YX' 


+ XY' 


-WZ' +ZW' 





9 5 


10 
01 


10 
10 


= YX' 


XT 


+ W 71 Z W 


3 


13-5 


10 

11 


10 
10 


= -YX 


+ XY' 


WZ' +ZW 


2 


1 9 


alO 

00 '^"T"'^ 


ao 


- YX' 


+ X Y' 


W Z' z w 


2 


5-9 


10 
10 


10 
01 


== YX' 


+ X Y' 


W Z' z w 


3 


9-9 


10 
01 


10 
0] 


= YX' 


+ X Y' 


WZ' zw 





13-9 


10 

11 


10 
01 


= YX' 


+ XY' 


W Z' z w 


1 


1-13 


ao , , 

A A ~r" ^^ 


ao 


- YX' 


-X Y' 


W 7J +Z W 


3 


5-13 


10 
10 


10 

11 


= -YX' 


+ XY' 


^W 71 Z W 


2 


9-13 


10 
01 


10 

11 


= YX' 


XY' 


WZ' +ZW' 


1 


13 13 


10 

11 


10 

11 


- YX' 


+XY' 


+WZ' -zw^ 
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First set, 64 equations (continued) < 



2 2 


aOl 

A A "^^ ^^ 


0.01 

' 00 '^~'^^ 


= ZX' 


+WY' +XZ' 


+Yw; 


Suflfixes. 





6-2 


01 
10 


01 

00 


- zx 


H-W Y' +X Z' 


+ YW' 


1 


10 2 


01 
01 


01 

00 


- Z X' 


+ WY' +XZ' 


+ YW' 


2 


14-2 


01 

11 


01 

00 


- zx^ 


+ WY' +XZ' 


+ Y W' 


3 


2 6 


nOl ^ , 

00 ^"i '^^ 


Q.01 

■ 10 '^ — '^ 


- zx^ 


-WY' +XZ' 


-Y W' 


1 


6-6 


01 
10 


01 
10 


- zx^ 


WY' +XZ' 


YW' 





10-6 


01 
01 


01 
10 


- zx^ 


WY' +XZ' 


Y W' 


3 


14 6 


01 

11 


01 
10 


= zx^ 


WY' +XZ' 


-Y W' 


2 


2-10 


nOl , , 

A A '^ "T ^^ 


q.01 


= ZX' 


+W Y' 'X Z' 


-YW' 


2 


6-10 


01 
10 


01 
01 


~ ZX' 


+ WY' XZ' 


-YW' 


3 


10-10 


01 
01 


01 

01 


= ZX' 


WY' +XZ' 


+ Y W' 





14 10 


01 

11 


01 
01 


- ZX' 


WY' 4-XZ' 


+ YW' 


1 


2 14 


aOl 

00 '^^ ' '^ 


aOl 


= ZX' 


-W Y' X Z' 


+ Y W' 


3 


6 14 


01 
10 


01 

11 


- ZX' 


-W Y' X Z' 


4-Y W 


2 


10 14 


01 
01 


01 

11 


- ZX' 


+ WY' +XZ' 


YW' 


1 


14-14 




01 

11 


01 

11 


--ZX' 


+ WY' +XZ' 


-YW' 
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First set, 64 equations (concluded). 



3-3 


all ^ r 

00 '^^ ' "^^ 


all 


= wx^ +zr 


+YZ^ 


+xw^ 


Suffixes. 





7-3 


11 

10 


11 

00 


- wx^ +zy^ 


+YZ' 


+xw^ 


1 


11 3 


11 

01 


11 

00 


= Wr +ZY' 


+ YZ^ 


+xw^ 


2 


15 3 


11 
11 


11 

00 


= WX^ +ZY' 


■fYZ^ 


+x w^ 


3 


3 7 


"^00 '^'^"^^^ 


all 


= W X^ Z Y^ 


+ YZ^ 


-xw^ 


1 


7 7 


11 

10 


11 

10 


= wx^ +zr 


-YZ^ 


+x w^ 





11-7 


11 

01 


11 
10 


- WX^ -ZY^ 


+ YZ/ 


-xw^ 


3 


15 7 


11 
11 


11 

10 


--wx^ +zr 


T71 


+xw^ 


2 


3 11 


all , , 

00 '^ ' '^^ 


all 

* A1 ^^ — ^ 


= WX^ +ZY' 


-Y7J 


X w^ 


2 


7-11 


11 

10 


11 

01 


= wx^ +zr 


-YTi' 


xw^ 


3 


11-11 


11 
01 


11 

01 


= W X^ Z Y^ 


+ YZ' 


+xw^ 





15-11 


11 
11 


11 

01 


= W X^ Z Y^ 


+ YZ^ 


+x w^ 


1 


3-15 


all , , 

3-^^ u + u 


all 
. ^-| -. U — 21 


- wx' -zr 


-YZ' 


+x w^ 


3 


7-15 


11 
10 


11 
11 


=:-~WX' +ZY' 


4-YZ' 


-X w 


2 


11-15 


11 
01 


11 
11 


= WX' +ZY' 


+ YZ' 


-X w 


1 


15-15 


11 

11 


11 
11 


= WX' -7iY' 


-YZ' 


+XW' 
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87. Second set, 64 equations. 



Suffixes. 



1-0 



5-0 



9™~0 



13-~-0 



nlO , , 

00 "^^ '"'^^ 


.00 


10 




00 


10 




00 


10 




00 


01 




00 


10 




00 


11 




00 



E E' + G G' + E r + H H' 



= B E^ + G G^ + F E^ + H H^ 



= E E' + GG^ + EF + HH' 



E E^ + G G''. + E F + H H' 







<w 



3 






=.-^mw +iGG^ -i'Fr -^iuw 



5-4 



9-4 



13-4 



1-8 



5-8 



9-8 



10 
10 


00 
10 


10 
01 


00 
10 


10 

11 


00 
10 


olO , , 

00 ^*^"^ 


0.00 


10 
10 


00 
01 


10 
01 


00 
01 



= mW -iGG' +iVW -{RW 



=-iEE' +iaa' -ivr +iHH' 



iBE' -iOa' H-iFF' -iHH' 



= E E' + G G' - F F' - H H' 



= E E' + G G' - F F' - H H' 



= E E' + G G' - F F' - H H' 







3 



dd 



3 







13-8 



10 
11 



00 
01 



= EE' + GG' - EE' - HH' 



1 — 12 ^n.r.U-\-%\! , ^■^^%—1^ 



= -^EE' +^GG' ^mr -iHH' 



5-12 



9-12 



13-12 



10 
10 


00 

11 


10 
01 


00 

11 


10 

11 


00 

11 



= iEF -^GG^ -a^F +^Hff 



= -iBF +i:GG^ +^EF -t'HH' 



^EE' -i:GG' -^FF +fflH' 



2 
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Second set, 64 equations (continued). 



0- 


-1 


0.00 


JO 


- E G-' + G- E' 


-f F H' -h H F' 


Suffixes. 





4- 


-1 


00 
10 


10 

00 


- E d' + a E' 


-- E H' -- H r 


1 


8- 


-1 


00 
01 


10 

00 


^ E G' H- G- E' 


-j- E H' H- H E' 


2 


12- 


-1 


00 

11 


10 

00 


- E G' -h G E' 


+ E H' -h H F' 


3 


0- 


-5 


aOO L > 


JO 


^ m G' - iG W 


-h^FH' mw 


1 


4- 


-5 


00 
10 


10 
10 


- m G' ^'G E' 


4-^F H' ffl F' 





8- 




00 
01 


10 
10 


- ^E G' la w 


-h^F H' m F 


3 


12- 


-5 


00 

11 


10 
10 


«= ^E G' . ^GE' 


-h^F H' m w 


2 


0- 


-9 


aOO ^ , 
00 '^^'"'"'^ 


JO 


- E G' -h G E' 


F H' H F' 


2 


4- 


-9 


00 
10 


10 
01 


^ E a' -h G E' 


F H' H F' 


3 

1 


8- 


-9 


00 
01 


10 
01 


- E G' -h G E' 


F H' H F' 


! 

1 


12- 


-9 


00 

11 


10 
01 


- E G' -h G- E' 


FH' HE' 


1 

1 

1 


0- 


-13 


.00 

AA '^ - ^ 


alO 


- ^E G' iG E' 


--iFW -hfflF 


3 


4- 


-13 


00 
10 


XO 

11 


- ^E G' tG E' 


^FH' -h^HF' 


2 


8- 


-13 


00 
01 


10 

11 


- ^E G' ^G E' 


iFH' -htHF 


1 


12- 


-13 


00 

11 


10 

11 


- ^E G' iQ W 


^FH' -h^HF' 
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Second set, 64 equations (continued). 



Suffixes. 



3 2 S-r.r. U-\-U' . S-r^rs U lb 



F E' -4- H a' -f E F' 4- G H' 







7-2 



11-2 



15-2 



3-6 



7-^6 



11-6 



15-6 



11 


01 


10 


00 


11 


01 


01 


00 


11 


01 


11 


00 


.11 

00 '^*"' '^ 


aOl 


11 


01 


10 


10 


11 


01 


01 


10 


11 


01 


11 


10 



F E' 4- H a' + E F' + G H' 



== F E' + H G' + E F' + G- H' 



FE' + HG' + EF' + GH' 



= -iW E' +^H G' -^E F'. +^G H' 



^FB' -iHG' +i'BF' -iQB! 



■iWW +i:HG'-^EF' +^GH' 



{¥ E^ -^H G' +^E F' -^G H' 



2 



3 



1 







2 



3 — 10 S-r.r. U'-{-lb . <5-r.-| u — %(! 



F E' + H G' - E F' - G H' 



2 



7-10 



11 

10 



01 
01 



F E' + H G' - E F' - G H' 



3 



11-10 



11 
01 



01 

01 



::^ _ E E' - H G' -f E F' + G H' 







15-10 



11 
11 



01 
01 



= - F E' - H G' + E r + G H' 



3 — 14 S^r^r. ii-i-u' . «9--.-| ii—u' 



=:-iFE' +01 a' +^EF' -•-^GH' 



3 



7-14 



10 



01 
11 



^F E' -^H G' -IE r +iG W 



2 



11-14 



11 

01 



01 
11 



i¥ W -m G' ~/E F' -f^G H' 



15-14 



11 
11 



01 
11 



==:-^FE' +?:hg^ +^EF' -^GH' 







AND DOUBLE THETA-FUNOTIONS. 
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Second set, 64 equations (concluded). 



2- 


-3 


0.01 , . 

00 '^ i" '^ ' 


all 

AA ^ ^ — 


= Fa' +B.E' + BW + G ¥' 


Suffixes. 





6- 


-3 


01 
10 


11 

00 


= F G' + H E' + B H' + aW' 


1 


10- 


-3 


01 

01 


11 

00 


= F G' - H E' - EH' - G F 


2' 


14- 


-3 


01 
11 


11 

00 


= F G' -HE' -h E H' 4- G F' 


3 


2- 


-7 


nOl , , 

00 '^"^"^ 


all 


= iF G' iB. E' +iE ir ia F' 


1 


6- 


-7 


01 
10 


11 

10 


= 2FG' t'HE' +mW iGF 





10- 


-7 


01 
01 


11 

10 


= ^F G' m W +iE H' iG F 


o 
^ 


14- 


-7 


01 

11 


11 

10 


= ^F G' ^HE' +iEW iG¥' 


2 


2- 


-11 


00 '^ *~^ 


all 


= Jb' G' + H E' -EH' - G F' 


2 


6- 


-11 


01 
10 


11 

01 


= F G' + H E' - E K G F' 


3 


10- 


-11 


01 
01 


11 

01 


- F G' H E' + B M' -h G F^ 





14- 


-11 


01 

11 


11 

01 


= F G* HE' -EH' + G F' 


1 


2- 


-15 


aOl 

00 '^ 1 '^ 


all 


= ^F G' -^H E' ~iE W +iG F' 


3 


6- 


-15 


01 
10 


11 
11 


= ^'F G' -iB. W -iE W +iG F 


2 


i 10- 

i 


-15 


01 
01 


11 
11 


= iF G' +^HE' +^BH' ^GF 


1 



14—15 



01 
11 



11 
11 



= -^F G' -hffl E' +^E H' -iG F 







6 O 2 
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PEOFBSSOR A. OAYLEY ON THE SINGLE 



88. Third set, 64 equations. 



2 


S'^lu-,u' 




'/ :^^ ir 


-f eT J' 


+ K K' + L L^ 


Suffixes. 





6 


01 
10 


00 

00 


:=± IT 


+ J J' 


4- K K' + L L' 


1 


10-0 


01 

01 


00 
00 


-^ IV 


+ J J' 


4 K K' 4" L L^ 


2 


14 


01 

11 


00 
00 


- ir 


+ J J' 


+ K K' 4 L L' 


3 


2 4 


no '^ + '^ 


aOO 


'/ - IT 


- J J' 


4 K K' L L' 


1 


6 4 


01 
10 


00 
10 


- 1 1' 


J J' 


4" K W L L^ 





10 4 


01 
01 


00 
10 


- 1 1' 


J J' 


4-: K K' - L L^' 


3 


14 4 


01 

11 


00 
10 


- II' 


J J' 


- K K^ L L^ 


2 


2-8 


aOl 


nOO 


/ ~ a I' 


a J' 


4^KK' 4iLL' 


2 


e-8 


01 
10 


00 
01. 


- il T 


a J' 


+{KKJ 4iLU 


3 


10 8 


01 
01 


00 
01 


:=^ il T 


4- a J' 


-iKK' iLL' 





14 g 


01 

11 


00 
01 


- it f 


-ha J' 


?:k K/ - ih 1/ 


1 


2-12 


aOl , , 

00 ^^'^ 




/ --^r 


4^ a J' 


+iKW -iLL' 


3 


6 12 


01 

10 


00 

11 


- —a r 


+a J' 


-hiKK' ^{LJJ 


2 


10-12 


01 
01 


00 

11 


- tlT 


--a J' 


{KKJ -hOiU 


1 


14-12 


01 

11 


00 

11 


==:: ^ir 


a J' 


-iKK' 4-^LL' 






AND DOUBLE THETA-FUNCTIOIsrS. 
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Third set, 64 equations (continued). 

















Suffixes. 


8- 


-1 


0.11 




- Jr 


+ I J' 


+ L K' + K L' 




! 


7- 


-1 


11 

10 


10 

00 


^ J I' 


-t- 1 J' 


4- L K' + K L' 


1 


11- 


~1 


11 
01 


10 

00 


- jr 


H- I J' 


-H L K' + K L' 


2 


15- 


-1 


11 
11 


10 

00 


^ jr 


+ IJ' 


+ L K' + K L' 


3 


3- 


-5 


00 ^"f "^ 


JO 

' 1 A 


- jr 


IJ' 


+ L K' K L' 


1 


7- 


-5 


11 
10 


10 
10 


~- jr 


+ IJ' 


L K' + K L' 





11- 


-5 


11 

01 


10 

10 


- jr 


I J' 


+ L K' K L' 


3 


15- 


-5 


11 
11 


10 
10 


- J I' 


+ IJ' 


- Ti K' + K L' 


2 


3- 


-9 


00 '^"^'^ 


« 1^ r\ -t U U 


" a I' 


ilJ' 


+ ^L K' +^KL' 


' 2 


7- 


-9 


11 
10 


10 
01 


^. Q I' 


il J' 


+ ihK' -f-^KL' 


3 


11- 


-9 


11 

01 


10 
01 


- a I' 


+^IJ' 


^LK' -^KL' 




i 


15- 


-9 


11 
11 


10 
01 


=: a I' 


+ il J' 


-^L K' ^K L' 


1 


3- 


-13 


"^00 '^'^"^'^' 


JO 
. -Or-,-, u — u 


- -a V 


-f-^'I J' 


-f-^L K' ^'K L' 


3 


7- 


-13 


11 
10 


10 

11 


3^ ij I' 


ilJ' 


^'LK' +^KL' 


2 


1 

11- 


-13 


11 

01 


10 

11 


== a I' 


-il J' 


iLK! -H^'KL' 


1 


15- 


-13 


11 
11 


10 

11 


=^ ar 


+ ^I J' 


+ ^LK' ^KL' 


1 
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PROFESSOR A. CAYLEY ON THE SINGLE 



Third set, 64 equations (continued). 



2 


oOO 

00 '^^ + '^^ 


oOl 
• "^ r\f\ ^^ ^ — 


r: IK' 


+ JL' 


+ KI' 


+ L J' 


Suffixes. 





4 2 


00 
10 


01 

00 


= IK' 


+ JL' 


+ KI' 


+ L J' 


1 


8 2 


00 
01 


01 

00 


r: I K' 


+ JL' 


4- KI' 


+ L J' 


2 


12-2 


00 

11 


01 

00 


- IK' 


+ JL' 


+ KI' 


+ L J' 


3 


0-6 


oOO 

00 '^'^ ' '^ ' 


aOl 

10 '^"^^^ - 


= IK' 


JL' 


-f KI' 


L J' 


1 


4 6 


00 
10 


01 
10 


^ IK' 


JL' 


+ KI' 


L J' 





8 6 


00 
01 


01 
10 


= IK' 


JL' 


+ Kr 


L J' 


3 


12 6 


00 

11 


01 
10 


=: IK' 


JL' 


+ KI' 


L J' 


2 


10 


.00 

00 '^^"'"^ 




= a K' 


+a L' 


-^K I' 


^L J' 


2 


4 10 


00 
10 


01 
01 


^ a K' 


+ a y 


/K 1' 


iJi J' 


3 


8 10 


00 
01 


01 
01 


=1 il K' 


+ a L' 


^K I' 


ih J' 





12 10 


■ 00 

11 


01 
01 


= ^IK' 


+ a L' 


^K^ 


ill J' 


1 


14 


.00 




^ il K' 


ijjj' 


^'K I' 


4- tL J' 


3 


4 14 


00 
10 


01 

11 


r: tl K' 


Q L' 


^K I' 


-\-ili J' 


2 


8 14 


00 
01 


01 

11 


:= n K' 


a L' 


^KI' 


+ ^L J' 





12 14 


00 

11 


01 

11 


IT ^I K' 


aL' 


iK I' 


+ tL J' 


1 



AND DOUBLE THETA-FUNCTIONS. 
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Thied set, 64 equations (concluded). 



t 

1 3 


JO 

AA ^ ^ ' 


Jl 

A A '^ ^ 


~~ J K' + I L' 


+ LI' 


+ K J' 


Suffixes. 





5 3 


10 

10 


11 

00 


= J K' + I L' 


+ LI' 


+ K J' 


1 


9-3 


10 
01 


11 

00 


- J K' + I L' 


+ LI' 


-1- K J' 


2 


13 3 


10 

11 


11 

00 


- J K' + I L' 


+ Til' 


+ K J' 


3 


1 7 


JO 

AA '^^ 


Jl 

• 1 A '^ 


= J K' XL' 


+ LI' 


K J' 


1 


5 7 


10 

10 


11 

10 


:^ J K' + I L' 


LT 


+ K J' 





9 7 


10 
01 


11 

10 


- JK' XL' 


+ LI' 


K J' 


3 


13 7 


10 

11 


11 

10 


^ J K' 4- X L' 


LI' 


+ K J' 


2 


1 11 


alO 

00 '^"'"'^ 


Jl 


=^ iJK' +ilh' 


-^iL r 


-'iKJ' 


2 


5 11 


10 
10 


11 

01 


~ QK' +ilJj' 


iL T 


'^•K J' 


3 


9 11 


10 
01 


11 

01 


- aK' -\-illJ 


iJi T 


iK J' 





13 11 


10 

11 


11 

01 


- aw -\-iiu 


-ill T 


^K J' 


1 


1 15 


JO 

00 ^*"+''^ 


Jl 

. «7-|-. tl — U 


=z a K' ii L' 


-^iii r 


+ « J' 


3 


5-15 


10 
10 


11 
11 


- iJK' +^IL' 


+^Lr 


iK J' 


2 

i 


9-15 


10 
01 


11 
11 


- a K' -il L' 


iL r 


-h iK J' 


1 


13-15 


10 

11 


11 
11 


= UK' +ilJj' 


-\-ih r 


-iK y 
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PROFESSOR A. CAYLEY ON THE SINGLE 



89. Fourth set, 64 equations. 



3-0 



7-0 



11-0 



15-0 



3-4 



1 



-4 



11-4 



oil , , '00 



11 


00 


10 


00 


n 


00 


01 


00 


11 


00 


11 


00 



M M' H- N N' H- P P' + Q Q' 



M M' + N N' + P P' + Q Q' 



M M' + N N' + P P' + Q Q' 



== M M' + N N' + P P' + Q Q' 



q11 I ' aOO 

00 '^'^ 'T- '^ , -or-, ^ ^6 — u 



11 
10 

11 
01 



00 
10 

00 
10 



.z=^ai ivr -vm N ^^T P' +^Q Q' 



+ ^M M' ~m W ^iV P' -^Q Q' 



'M M' ^mW - ^'P P' + '/Q Q' 



SufExes. 







1 



O 



1 







3 



15-4 



3-8 



7-8 



11-8 



11 
11 



00 
10 



all , ' aOO 



11 
10 

11 
01 



00 
01 

00 
01 



+ ^*M M' -i'N W +iP P' --^Q Q' 



■m w -i'N w +iv V- +iq Q' 



iM M' -iN W +^P P' +^Q Q' 



iM M' +m W --iF P' -^'Q Q' 



2 



15 8 


11 
11 




00 
01 


~ mw -i-mw 


^P P' 


1 

-iQ q; 


3 12 


all 

00 '^*"' '^ 


oOO 


-^ - M M' + N W 


+ PP' 


-QQ' 


7 12 


11 

10 




00 

11 


- + M M' N W 


- PP' 


+ QQ: 


11 12 


11 

01 




00 

11 


- + M M' N N' 


P P' 


+ QQ' 



3 







1 



3 



2 



15-12 



11 
11 



00 
11 



M M' + N K' + P P' ™ Q Q' 







AND DOUBLE THETA-FUISrCTIONS. 
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Fourth set, 64 equations (continued), 



2 — 1 S^.-^r. tl-}-U' . S^r^r. U—'ib' 



6-1 


01 
10 




10 

00 


10-1 


01 
01 




10 
00 


14 1 


01 

11 




10 

00 


2-5 


"^00 


.1 + u' 


glO 
* 1 r\ "~~ 


6-5 


01 
10 




10 
10 


10 5 


01 
01 




10 
10 


14-5 


01 

11 




10 
10 


2-9 


^00 


ii-\-u' 


JO 


6 9 


01 
10 




10 
01 


10-9 


01 
01 




10 
01 


14 9 


01 

11 




10 

01 



N' + N M' + P Q' -f Q P' 



M K' + N M' + P Q' + Q P' 



M N' -f N M' + P Q' + Q P' 



= M W -f N M' + P Q' + Q P' 



^M N' -m M' +'^'P Q' "'^'Q P' 



= M N' -^'N M' n-^'P Q' -^'Q P' 



'iMW -^IS^M' +^PQ' ~^QP' 



^MN' ~^NM' ^-^P Q' -^Q P' 



= -M W -^N M' +^P Q' +^Q P' 



^z-iMW -mW +^PQ' +'/QP' 



= 'iKW -^iEW -iVq' -^Q P' 



m.W +^NM' -^PQ' -^QP' 



2 — 13 '^y^/^ ^6 + '^6' . ^-,-. i*— ^6' 



6-13 


01 
11 


10 

11 


10-13 


01 
01 


10 

11 


14-13 


01 

11 


10 

11 



= M N' - N M' - P Q' + Q P' 



= M N' - N M' - P Q' + Q P' 



= - M N' + N M' 4- P Q' - Q P' 



= - M N' + N M' + P Q' - Q P' 



Suffixes. 







2 



1 







3 



3 







3 



2 







MDCCCLXXX* 



6 H 
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PROFESSOR A. OAYLEY ON THE SINGLE 



FounTH setj 64 equations (continued). 



1-2 


00 '^^"^'^^ ' 


aOl 

00 '^""'^^ 


- M P' + N Q' -f P M' 


+ QN' 


Suffixes. 





5-2 


10 
10 


01 

00 


= MP' + KQ' + PM' 


+ QN' 


1 


9-2 


10 
01 


01 

00 


™ M P' + N Q' + P M' 


+ QW 


2 


13-2 


10 

11 


01 

00 


= M P' -f N Q' + P M' 


+ QN' 


3 
1 


1-6 


JO 

A A 


aOl 

' 10 '^^""'^^ 


- mv ^-^NQ' iVW 


+ ^Q N' 


5-6 


]0 
10 


01 * 
10 


™- mr m Q' +^PM' 


-^Q N' 





9 6 


10 
01 


01 
10 


==_^^MP' +iN Q' -iPW 


+ ^Q W 


3 


13 6 


10 

11 


01 
10 


- mV ^NQ' +^PM' 


-iQ W 


2 


1-10 


qIO 

00 '^ + '^^ 


aOl 
. <r..^ u — ii 


= m P' 4-^N Q' -^P M' 


^QN' 


2 


S-'IO 


10 
10 


01 
01 


= MF H-^'NQ' -^'PM' 


-^Q N' 


3 


9 10 


10 
01 


01 
01 


■^ '^'MP' H-'/NQ' ^'PM' 


»»'?:q n' 





13-10 


10 

11 


01 

01 


- aiP' +^NQ' ^'PM' 


-^'Q W 


1 


1-M 


alO , , 

00 ^ + '^ 


(vOl 
. «J-j^ U — IO 


== MP' NQ' PM' 


+ QN' 


3 


5 14 


10 
10 


01 

11 


= M P' + N Q' + P M' 


- QN' 


2 


9-14 


10 
01 


01 

11 


= M F =-- N Q' - P M' 


+ QN' 


1 


13-14 


10 

11 


01 

11 


== M P' + N" Q' + P M' 


-QN' 






AND DOUBLE THETA-FUKCTIONS, 
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Fourth set, 64 equations (concluded). 



0-3 


0.00 
00 '^ + '^ 


.11 


= M Q' + F P' + P N' 


+ QM' 


Suffixes. 





4-3 


00 
10 


11 

00 


= M Q' + K P' + P N' 


+ QM' 


1 


8-8 


00 
01 


11 

00 


= M Q' + N P' + P N' 


+ QM' 


2 


12-3 


00 

11 


11 

00 


^ M Q' + N P' + P W 


+ Q M' 


o 


0-7 


nOO 

00 '^* + ^'^ 


nil 

' 1 A ^^ ^' " 


^ iM. Q' mv +?:PN' 


-^'Q M' 


1 


4-7 


00 
10 


11 

10 


» ^'MQ' -^FP' +iVW 


-^'Q M' 


* 

■ 


8-? 


00 
01 


11 

10 


= ^'MQ' 'i'N"P' +^'PN' 


^'QM' 


3 


12-7 


00 

11 


11 

10 


= i'MQ' -^'KP' +^P]Sr' 


-^Q M' 


2 


0-11 


00 ^*"^^^ 


all 


= t'MQ' H-^'MP' ^P]S|■' 


--^'Q M' 


2 


4-11 


00 

10 


11 

01 


= aiQ' -{-'lEY' iVW 


•^iq M' 


3 


8-11 


00 
01 


11 

01 


= mq' +^FF WW 


^•Q M' 





12-11 


00 

11 


11 

01 


= mq +mr ivw 


iq w 


1 


0-15 


.00 

A A '^ ^^ 


■ Kf-t -I U ■■~~ Iv — 


= M Q' + H F + P N' 


- QM' 


3 


4-15 


00 
10 


11 
11 


= M Q' + N F + P N' 


- Q M' 


2 


8 15 


00 
01 


11 
11 


= M Q' + N P' + P K' 


- Q M' ■ 


1 


12-15 


00 

11 


11 
11 


= MQ' + KF' + PN' 


- Q M' 
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964 PEOEESSOR A. CAYLEY OK THE SINGLE 

90, I re-arrange these in sets of 16 equations, tbe equations of the first or square- 
set of 16 being taken as they stand, but those of the other sets being combined in 
pairs by addition and subtraction as will be seen. And I now drop altogether the 
characteristics, retaining only the current numbers : thus in the set of equations next 
written down, the first equation is 

in the second set, the first equation is 

"I { 3-^(11 + II ) ' 9-o{u — ti) + '9-0 ('^^ + u)S-4lii — ii') } = X;^X;^' + 2iZ/, 

and so in other cases. 

FiEST or square-set of 16. 

(Suffixes 0.) 



W + 1t' 


U — W 


s- 


^ 








4 


4 


8 


8 


12 ■ 


12 


1 


1 


5 


5 


9 


9 


13 


13 


2 


2 


6 


6 


10 


10 


14 


14 


3 


3 


7 


7 


11 


11 



^ X X' +Y T +Z Z' 4-WW^ 

rr: X X' -Y Y' +Z Z' -WW 

™ X X' +Y Y' — -Z Z' — W W^ 

= X X -Y Y' "-Z 7/ +WW' 

r= Y X^ +K Y' +WZ' +Z W 

==-Y X/ +X Y' -WZ' +Z W 

= Y X' +X Y' -W 7j' -~-7j W 

= -Y X' +X Y' 4-WZ' -Z W 

= Z X' +WY' +X Z' +Y W 

= Z X^ -WY^ +X Z' -Y W 

=:-Z X^ -WY' +X 7/ +Y W^ 

r^-Z X' +WY' +X 7/ -Y W 

=: WX -fZ Y' +Y Z' 4-X W^ 

=r-WX' +Z Y' -Y Z^ +X W^ 

= -WX' -Z Y' +Y Z' +X W 

15 15 == WX' -Z Y' -Y Z' H-X W 

91. Secont3 set of 16. 

i{ ^ . ^ + ^ . .9- } (Suffixes 1.) 



4 








4 ■- 


X X' +7j Z' 


12 


8 


8 


„I. ^ 


XX Zi Zi 


5 


1 


1 


5 


Y X' +W7y 


13 


9 


9 


13 


Y X^ W Z' 


6 


2 


2 


6 


Z X +X Z' 


14 


10 


10 


14 


Z X' +X Z' 


7 


3 


3 


7 


WX' +Y Z' 


15 


11 


11 


15 


WX' +Y Z' 


■?(,+■?(,' 


u—vJ 


11 + v/ 


-it—tt' 




2 1 '^ 


. ^ 


^ 


. S } 


(Suffixes 1.) 



4 4 =: Y Y' +W W' 

12 8 8 12 Y Y' -W W' 

5 1 1 5 X Y' +Z W' 

13 9 9 13 X Y' -~Z W' 

6 2 2 6 WY' +Y W' 

14 10 10 14 -W Y' 4-Y W' 

7 3 3-7 Z Y' +X W' 

15 11 11 15 ~-Z Y' +X W 



AND DOUBLE THBTA-FUNOTIONS. 965 



92. Third set of 16. 



u+u' 


U — lt' 


^^+^t' 


u~u' 




1{^ , 


, ^ 


+ ^ 


. ^ } 


(Suffixes 2.) 


8 








8 = 


X X' +Y Y' 


12 


4 


4 


12 


XX' Y y 


9 


1 


1 


9 


Y X' +X Y' 


13 


5 


5 


13 


-Y X' +X Y' 


10 


2 


2 


10 


Z X' +W Y' 


14 


6 


6 


14 


Z X' -W Y' 


11 


3 


3 


11 


W X' +Z Y' 


15 


7 


7 


15 


WX' +Z Y' 


u+tt' 


u—vJ 


^6^-^t' 


u—u' 




21 ^ 


. s- 


- s- 


. s- } 


(Suffixes 2.) 


8 








8 = 


Z Z' --WW 


12 


4 


4 


12 


Z Z' -WW 


9 


1 


1 


9 


W Z' H-Z W 


13 


5 


5 


13 


W Z' -f^Z w 


10 


2 


2 


10 


X Z' H-Y W 


U 


6 


6 


14 


X Z' Y W 


11 


3 


3 


11 


Y Z' H-X W 


15 


7 


7 


15 


Y Z' -fX W 



93. Fourth set of 16. 



^{ ^ . ^ + S- . S- } (Suffixes 3.) 



12 








12 = 


X X' -hWW 


8 


4 


4 


8 


XX' WW 


13 


1 


1 


13 


Y X' +Z W 


9 


5 


5 


9 


Y X' -Z W 


14 


2 


2 


14 


Z X' +Y W 


10 


6 


6 


10 


Z X' Y W 


15 


3 


3 


15 


W X' +X W 


11 


7 


7 


11 


W X' -X w 


U + ^'J 


u— w' 


i^+i'/ 


u—u' 




21 ^ • 


^ - 


- s- . 


^ } 


(Suffixes 3.) 



12 12 = Y Y' -fZ Z' 

8 4 4 8 -Y Y' -hZ Z' 

13 1 1 13 X Y' H-WZ' 

9 5 5 9 -X Y' H-WZ' 

14 2 2 14 W Y' H-X Z' 

10 6 6 10 -W Y' +X Z' 

15 3 3 15 Z Y' H-Y Z' 

11 7 7 11 -Z Y' +Y Z' 
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94. Fifth set of 16. 



ib+u' u—u' it+u' U—ll' 



{ ^ . ^ + ^ . ^ } (Suffixes 0.) 



10 1 = E + G- . E' + G-' + E + H , F + H' 

5 4 4 5 ^.E-G ., + ^.E-H 

9 8 8 9 E + G „ - .E + H 

13 12 12 13 ^'.E-G „ - ^.E-H 

3 2 2 3 E + H „ + E + G 

7 6 6 7 2-.E-H „ + ^'.E-G 

11 10 10 11 - .E + H „ + E + G 



\{ ^ , ^ - S- . ^ } (Suffixes 0.) 



10 1 = E-G . E'~G' + E-H . E'-H' 

5 4 4 5 ^.E + G „ + ^.E + H 

9 8 8 9 E-G „ - .F~H 

13 12 12 13 ^'.E + G „ - ^.E + H 

3 2 2 3 E-H „ + E-G 

7 Q (d 7 7:.E + H „ + ^.E + G 

11 10 10 11 - .E-H ,, + E-G 

15 14 14 15 -^.E + H „ + ^.E + G 



95. Sixth set of 16. 



U-\-u' u — u' U + Vj' U—%i' 

|{ ^ . ^ + J . ^ } (Suffixes 1.) 



U-^-u' U — tl' -71+ It u — u 

l{ ^ , S- - S , ^ } (Suffixes 1.) 



5) 
5? 



5 5= E-^G . E' + ^G' + E-^H . E' + ^*H' 

1 4 4 1 _^.E + '?:G ,, - ^.E + ^'H 

8 13 13 8 E-t'G „ - .E-ffl 

9 12 12 9 ~^.E + ^G „ + i:¥ + iB, 
7 2 2> 7 E-ffl „ + E-^'G 
3 6 6 3 -^.E + ^'H „ - ^.E + ^G 

15 10 10 15 - .E-ffl „ + E-^G 

11 14 14 11 i.'¥ + m „ - ^:.E + ^G 



5 5= E + ^'G . E'™/G' + E + ffl . ^' -W 

14 4 1 -^'.E-^G „ - '?:.E-^H 

13 8 8 13 E + ^G „ - .E + ^H 

9 12 12 9 -^.E-^•G „ + ^.E-^H 

7 " 2 2 7 E + ^H „ + E + ^G 

3 6 6 3 ~^.F~^H „ - ^.E-^G 

15 10 10 15 - .E+^H ., + .E + ^G 

11 14 14 11 +^.E~^H „ - iM-ia 



AND DOUBLE THETA-FUN-CTION-S. 



96? 



96. Seventh set of 16. 



u+u' 


ti—tij 


u+u' 


U- llf 














21 ^ * 


s- 


+ ^ . 


^} 




(Suffixes 


2.) 






9 








9 = 


= E + G . 


E' + G' 




F-H . 


F' 


-W 


13 


4 


4 


13 


i.B G- 






^.F + H 






1 


8 


8 


1 


E + G 




— 


.F H 






5 


12 


12 


6 


IM G 






iVF + H 






11 


2 


2 


11 


E + H 






E G 






15 


6 


6 


15 


i,¥ H 




-- 


*.E + G 






3 


10 


10 


3 


E + H 




~_ 


M G 






7 


14 


14 


7 


i:F H 






'^VE + G 






■ii+iif 


U-ll/ 


tt+tt' 


t(,~v/ 














21 '^ 


s- 


- s- . 


S} 




(Suffi 


xes 


2.) 






9 








9 = 


: E-G 


. E'-~G 


+ 


F+H . 


F + H 


13 


4 


4 


13 


^.E--G 






'/.F-H 






1 


8 


8 


1 


E-G 




— 


.h'+H 






6 


12 


12 


5 


^.E + G 




— 


^'.F-H 






11 


2 


2 


11 


F-H 






E + G 






15 


6 


6 


15 


iE + H 






i.E G 






3 


10 


10 


3 


F TT 




. — 


.hl + G 






7 


14 


14 


7 


^'.F + H 




— 


^'.E-G 







97. Eighth set of 16. 



It + Iff 


u—u' 


tH-u' 


U — l<f 












IS 9- 


s- + 


«9- . 


^} 




(Suffi 


xes 


3.) 




13 








13 = 


E-^G . 


E'--^G' 




F + /H . 


F'-^H' 


9 


4 


4 


9 


-^.E + '^'G 


?5 


— 


{.¥ m 




5 


8 


8 


5 


h]-iG 


?5 




.F+^'H 




1 


12 


12 


1 


i.E+iG 


?? 




i.¥--m 




15 


2 


2 


15 


F-^^H 


>J 




E + ^'G 




11 


6 


6 


11 


l¥+iR 


5* 


— >■ 


i.h) iG 




7 


10 


10 


7 


¥-m 


5) 


— 


.E + ^'G 




3 


14 


14 


3 


^.f+7:h 


?> 




^.E-^'G 




ti + U' 


^t~%' 


2i+ie.' 


u~vJ 












21 ^ ' 


^ ~ 


S , 


^} 




(Suffi 


xes 


3.) 




13 








13 - 


. E+'iG . 


E'-^G' 




F-^'H . 


F+m' 


9 


4 


4 


9 


-^,E-^G 




— 


^'.F + iH 




5 


8 


8 


5 


e+i:g 






.F fW 




1 


12 


12 


1 


-^.E-^G 




_- 


^'.F + ^'H 




15 


2 


2 


15 


F+ffl 




+ 


E~-^G 




11 


6 


6 


11 


~-^.F '^H 




— 


^'.E+^'G 




7 


10 


10 


7 


F+^H 




— 


.E ^'G 




3 


14 


14 


3 


-a;.F-iH 




+ 


IM + iG 
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98. Ninth set of 16. 



w + v/ 


10 — u' 


u+u' 


u—u' 
















2-{ S- . 


^ + 


^ . 


S-} 






(Suffixes 


0.) 






2 








2 = 


I+K . 


r+K' 


+ 


J + L . 


J' + L' 


6 


4 


4 


6 


I+K 






— 


.J + L 




10 


8 


8 


10 


a-K 








iJ- 


-L 




14 


12 


12 


14 


a-K 








^.J- 


-L 




3 


1 


1 


3 


J + L 








I + K 




7 


5 


5 


7 


J + L 






— 


.I + K 




11 


9 


9 


11 


^.J — L 








^.I- 


-K 




15 


13 


13 


15 


I'.J L 








a- 


-K 




'I'y+ll' 


u—u'' 


u+uJ 


'i'.—tt' 
















21 "^ • 


s 


s- . 


^} 






(Si: 


iffixes 


0.) 






2 








2 = 


I K . 


I' 


K' 




J- 


-L . 


J'-L' 


6 


4 


4 


6 


I K 






— 


.J- 


-L 




10 


8 


8 


10 


a+K 








^.J + L 




14 


12 


12 


14 


^.I + K 








'^•.J + L 




3 


1 


1 


3 


J L 








I- 


-K 




7 


5 


5 


7 


.J L 








I- 


-K 




11 


9 


9 


11 


'^'.J + L 








^.I + K 




15 


13 


13 


15 


— ^.J + L 








^.I + K 





99. Tenth set of 16. 



w+y/ it—'itJ u-\-vJ u—vJ 

i{ «9- . ^ + ^ . S-] (Suffixes 1.) 



6 








6 r 


- I+K . 


r+K' 


+ J L . 


J' L' 


2 


4 


4 


2 


I+K 




.J L 




14 


8 


8 


14 


^.I K 




^.J + L 




10 


12 


12 


10 


^.I K 




^.J + L 




7 


1 


1 


7 


J + L 




+ I K 




3 


5 


5 


3 


J + L 




.1 K 




15 


9 


9 


15 


^.J — L 




+ ^.I+K 




11 


13 


13 


11 


i.J — Ti 




^.I + K 




vA-u 


u—u' 


U + IC 


u~-v/ 










21 ^ ' 


s- - 


S- . 


^} 




(Suffixes 1.) 





6 6 = I-K . r-K' + J+L . J' + L' 

2 4 4 2 I-K „ - .J + L 

14 8 8 14 ^.I+K „ + ^VJ-L 

10 12 12 10 ^.I+K „ - ^'.J-L 

7 1 1 7 J-L „ + I+K 

3 5 5 3 J-L „ - .I+K 

15 9 9 15 ^.J + L „ + il-K 

11 13 13 11 ^.J + L „ - i.l-K 



AWD DOUBLE THETA-FUNOTIONS. 
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100. Eleventh set of 16. 



U + lf/ %l—%t} 



u-\-%. 



u+v/ u—u' 



^{^ ' 


^ + 


^ . 


^} 




(Suffi: 


ses 2.) 




10 








10 = 


= I-^'K . 


r+^K' 


.J — ^'L . 


J' + il 


14 


4 


4 


14 


I-^K 


J3 


— .J— ^L 




2 


8 


8 


2 


il+iK 


>J 


i.J-\-iIj 




6 


12 


12 


6 


—i.l H-^K 


?? 


i.J-\-iIj 




11 


1 


1 


11 


J ^'L 


J) 


+ I-iK 




15 


5 


5 


15 


— .J — ilj 


5J 


+ I -^'K 




3 


9 


9 


3 


— i.J-\-iJi 


5> 


^.I+^'K 




7 


13 


13 


7 


— i.J + ih 


)> 


a+^K 




u+u' 


u—u' 


u+u' 


%— ^6 










2 1'^ . 


s- 


s- . 


^} 




(Suffi; 


xes 2.) 




10 








10 = 


= I+^K . 


I' iK' 


J + ^'L . 


J' il 


14 


4 


4 


14 


I+^K 


j> 


J + ^'L 




2 


8 


8 


2 


^.I ^K 


jj 


— i.J—ih 




6 


12 


12 


6 


— ^.I — ^K 


J5 


+ i.'.J—^L 




11 


1 


1 


11 


J+iL 


5) 


+ I+^K 




15 


5 


5 


15 


— .J-{-ilj 


n 


+ I+^K 




3 


9 


9 


3 


— i.3 — ih 


5) 


— 'Ll—iK. 




7 


13 


13 


7 


--i.J—iL 


?> 


i.l iK 





101. TwELtTH set of 16. 



u—u 



U + VJ 



u—u' 



21 "^ ' • 


^ + 


^ . 


^} 




(Suffi 


xes 3.) 




14 








14 = 


I-^K . 


^+^K' 


J + '^'L . 


J'-^L' 


10 


4 


4 


10 


I ^K 




— .J + ^L 




6 


8 


8 


6 


a+« 




— i.J — ilj 




2 


12 


12 


2 


il+^K 




iJ—ih 




15 


1 


1 


15 


J-^'L 




+ I+^K 




11 


5 


5 


11 


J ih 




- .I+^K 




7 


9 


9 


7 


— i.J-{-ih 




i.l iK 




3 


13 


13 


3 


— ^.J + ^L 




+ i.l iK 




u+u' 


U — IC 


u+u' 


u—u' 










gl s- . 


S- - 


s- . 


^} 




(Suffixes 3.) 




14 








14 = 


1+iK . 


I' ^'K' 


+ J ih . 


3' + ih' 


10 


4 


4 


10 


I+^K 




— .J—^L 




6 


8 


8 


6 


-^.I -^K 




— i.J-\-ih 




2 


12 


12 


2 


i.l iK 




-h ^.J + ^'L 




15 


1 


1 


15 


J+^L 




+ I iK 




11 


5 


5 


11 


J + ^L 




J iK 




7 


9 


9 


7 


— i.J — ill 




^.I + ^'K 




3 


13 


13 


3 


— i.J — ^L 




+ i.l+iK 





MDCCOLXXX. 



6 I 
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102. Thirteenth set of 16. 



u + u 



u—vJ 



u-\-ii 



u—vJ 



li ^ ' 


^ + 


^ . 


S-} 




(Suffixes 0.) 


3 








3 = 


M + Q 


. M' + Q' + N+P . N' + F 


7 


4 


4 


7 


^.M Q 


^'.N-P 


11 


8 


8 


11 


^.M Q 


• „ + ^.N P 


15 


12 


12 


15 • 


.M + Q 


+ N+P 


2 


1 


1 


2 


N+P 


+ M + Q 


6 


5 


5 


6 " 


^.N P 


„ ■ + ^VM-Q 


10 


9 


9 


10 


^^N P 


+ ^-.M-Q 


14 


13 


13 


14 


N+P 


.M + Q 


u + u 


u — vJ 


u+u' 


u~u 






21 ^ • 


s- 


s- . 


^} 




(Suffixes 0.) 


3 








3 = 


M-Q . 


M' Q' + N P . N' P' 


7 


4 


4 


7 


^.M + Q 


^'.N + P 


11 


8 


8 


11 


^'.M + Q 


+ ^.N + P 


15 


12 


12 


15 • 


.M Q 


+ N-P 


2 


1 


1 


2 


N-P 


+ M-Q 


6 


5 


5 


6 


~■^.N + P 


+ ^-.M+Q 


10 


9 


9 


10 


^.N + P 


+ ^'.M + Q 


14 


13 


13 


14 


N-P 


•M Q 



103. Fourteenth set of 16. 



U + tif 



10 — u 



tt + u 



u~u 



ll ^ ' 


^ + 


& . 


^} 




(Suffixes 1.) 


7 








7 = 


: M ^Q . 


M' + ^Q' 


+ N+^P . N' ^P' 


3 


4 


4 


3 


-^.M + ^Q 




+ ^.N ^'P 


15 


8 


8 


15 


^.M + ^Q 




+ ^^N-^P 


11 


12 


12 


11 


M ^Q 




- .N+^P 


6 


1 


1 


6 


N ^T 




+ M + ^Q 


2 


5 


5 




^.N ^P 




+ ^-.M ^Q 


14 


9 


9 


14 


+ ^.N+^P 




+ ^.M ^Q 


10 


13 


13 


10 


N-^T 




.M+ ^-Q 


V. + tl' 


u—vJ 


u+u' 


u—u' 








21 ^ • 


s- - 


^ . 


^} 




(Suffixes 1.) 


7 








7 = 


= M + ^'Q 


M'-^Q' 


+ N '^T . N' + ^P' 


3 


4 


4 


3 


iM-iq 




+ ^'.N+^P 


15 


8 


8 


15 


^.M-^Q 




+ ^.N+^P 


11 


12 


12 


11 


M + ^'Q 




- .N+^T 


6 


1 


1 


6 


N+^'P 




+ M iq 


2 


5 


5 


2 


^'.N ^P 




+ ^'.M + ^'Q 


14 


9 


9 


14 


+ ^.N ^'P 




+ ^.m+?;q 


10 


13 


13 


10 


N+^P 




- .M ^Q 



AND DOUBLE THE TA-FUNOT IONS. 
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104. Fifteenth set of 16. 



it + ^t' U — %l' 



u-\-u' 



%i~U 



2 { ^ ' 


^ + 


^ . 


.^} 







Suffixes 2.) 




11 








11 - 


: M-^'Q . 


W -h ^'Q' 


+ N ^'P . 


N'+^'P' 


15 


4 


4 


15 


^-.M + ^Q 


55 




^-.N+^P 


55 


3 


8 


8 


3 


^'.M + iQ 


55 




i.l^+iF 


55 


7 


12 


12 


7 


M ^-Q 


55 




.N ^P 


55 


10 


1 


1 


10 


N ^P 


55 




+ M ^-Q 


55 


14 


5 


5 


14 


^.N^-^P 


55 




+ ^.M + ^'Q 


55 


2 


9 


9 


2 


i.l^+iF 


55 




^'.M + ^'Q 


5> 


6 


13 


13 


6 


- .N-^'P 


55 




+ M iQ 


55 


u+v/ 


U—lb' 


U + l'/ 


It —at' 












21 ^ ' 


^ 


s- . 


^} 




(Suffixes 2.) 




11 








11 = 


M + iQ , 


. M'-^ 


^'Q' 


+ N+^P 


. N' ^P' 


15 


4 


4 


15 


^'.M-^'Q 


55 




i,^ iF 


55 


3 


8 


8 


3 


^'.M ^'Q ■ 


>5 




i.^ iF 


55 


7 


12 


12 


7 


M + iQ 


55 




.N + {P 


>5 


10 


1 


1 


10 


N+^-p 


55 




+ M + ^'Q 


55 


14 


5 


5 


14 


-^-.N-^P 


5? 




+ ^-.M ^-Q 


55 


2 


9 


9 


2 


^'.isr ^p 


5> 




^'.M ^'Q 


>> 


6 


13 


13 


6 


.isr+^p 


>5 




4- M + iQ 


55 



105. Sixteenth set of 16. 



u+vf 



u—vl 



u+w 



U — ll 



15 

11 

7 
3 

14 
10 

6 

2 



^ + ^ 



^} 



(Suffi.xes 3.) 



15 








15 = 


= M Q . 


M'-Q' 




N+P . 


N' + I 


11 


4 


4 


11 


^'.M + Q 






i.-E-F 


55 


7 


8 


8 


7 


^.M + Q 






^.N"-P 


5J 


3 


12 


12 


3 


.M Q 






N + P 


5> 


14 


1 


1 


14 


N-P 






M + Q 


55 


10 


5 


5 


10 


^.N+P 






^.M Q 


55 


6 


9 


9 


6 


^-.N+P 




— 


^.M Q 


55 


2 


13 


13 


2 


.N P 






M + Q 


55 


u+u^ 


t(,—if/ 


u+u' 


W — 2t' 












■J{ S- . 


.9- - 


- ^ . 


^} 




(Suffixes 


3.) 






4 
8 

12 
1 
5 
9 

13 




4 
8 

12 
1 
5 
9 

13 



15 



M + Q . M' + Q' + N-P . N'-P' 



11 -^'.M-Q 

7 ~^*.M-Q 

3 - .M + Q 
14 N+P 

10 -^'.N-P 

6 -'^.N-P 

2 -.N + P 



55 
55 
55 
55 
55 
55 
55 



+ 

+ 
+ 
+ 

+ 



^.N+P 

i.-E + P 

N-P 

M-Q 

^'.M + Q 
^•.M + Q 

M-Q 



55 
55 
5? 
55 
55 
55 
55 



6 I 2 
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106. In the square set, writing u=v:=:0, and a, /3^ y, 8 for X', Y', Z\ W ; also 
slightly altering the arrangement, 



the system becomes 



and further writing herein t^=0, v=0 it becomes 



It 






X 


Y 


z 


w 















c^ 


^3 





— 


oc 


/^ 


7 


8 


^3 







aH/3H7H^2 




— 







4 


— 


oc 


-^ 


7 


—8 




4 




^2 /33_|_,^2 ^2 






4 




8 


— 


oc 


/3 


~7 


^ 




8 




^2 ^2 ,^2 ^2 




— — 


8 




12 


— — 


oc 


-li 


— 7 


() 




12 




^3 ^2 ^2+^2 






12 




1 


—— 


/3 


a 


^ 


7 




1 


-«_«. 


2(^/3+ o^a) 




— 


1 




6 


— 


li 


— a 


S 


7 




6 















9 


zzz 


li 


a 


— g 


— 7 




9 


zzz 


2(^/3-oya) 




— 


9 




13 


"1^^ 


li 


— ex. 


a 


7 




13 















2 




7 


d 


a 


/3 




2 


— 


2(^7 + /3o) 




,BT,,.„^ 


2 




6 


— - 


7 


— 8 


a. 


-/J 




6 




2 (^7 -/3a) 




— 


6 




10 


, 


7 


S 


■ — <x 


-/3 




10 















U 




7 


~S 


a 


P 




14 















•3 




8 


7 


/3 


a 




3 




2 («a 4-/37) 




— 


3 




7 


nz: 


8 


7 


/3 


— a 




7 




■ 











11 




8 


7 


-/3 


— a 




11 















15 




8 


— o/ 


-/J 


^ 




15 


; ' ' ''; 


2(^a /3o/) 




= 


15 



viz. : this last is the before-mentioned system of equations giving the values of the 
10 zero-functions c in terms of the four constants a, y8, y, 8. 
107. The system first obtained is a system of 16 equations 

^^(yi^ ^)z:raX+y8Y+yZ-f 8W, &c. 



showing that the squares of the theta-functions are each of them a linear function 
of the four quantities X, Y, Z, W. If the functions on the right hand side were 
independent (asyzygetic) linear functions of (X, Y, Z, W) it would follow that any 
four (selected at pleasure) of the squared theta-functions were linearly independent, 
and that we could in terms of these four express linearly each of the remaining 
12 squared functions. But this is not so ; the form of the linear functions of 
(X, Y, Z, W) is such that we can (and that in 16 different ways) select out of 
the 16 linear functions six functions, such that any four of them are connected 
by a linear equation; and there are consequently 16 hexads of squared theta- 
functions, such that any four out of the same hexad are connected by a linear relation. 
The hexads are shown by the foregoing ^^ Table of the 16 Kummer hexads.'' 

108. The dj 'posteriori verification is immediately effected ; taking for instance the 
first column, the equations are 
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^%« 



X 



Y 



W 



A 


11 = 


= 8 


r 


-^ 


— a, 


H 


7 


8 


-r 


^ 


— a, 


AB 


6 


r 


-8 


a. 


-A 


CD 


2 


y 


8 


OL 


8, 


Oh) 


1 


y8 


a 


8 


7' 


l)K 


9 


/3 


a 


8 


—y. 



viz. : it should thence follow that there is a linear relation between any four of the six 
squared functions 11, 7, 6, 2, 1, 9: and it is accordingly seen that this is so. It 
further appears that in the several linear relations, the coefficients (obtained in the 
first instance as functions of a, ^, y, 8) are in fact the 10 constants c : the 15 relations 
connecting the several systems of four out of the six squared functions are given in 
the table. 
Read 



r 20 2 p 2 2 1^ 2 O 2 p 2o 2 — A 



/^ 20 2 

^6 '^11 



I ^15 ^^2 ^12 '^l 1^4 '^Q — ^5 ^^• 



109. 



^2 



c-^ 



11 




7 


6 


2 


1 


9 








G 


2 


1 


9 


6 








+ 15 


12 


+ 4 


- 2 






15 




+ 8 





1 






+ 12 


8 




+ 3 


- 9 






4 


+ 


3 








6 




3 





+ 8 






2 


- 3 




+ 4 


12 






1 


+ 


- 4 




~J5 






9 


- 8 


+ 12 . 


+ 15 




15 




3 


+ 2 


6 






12 







+ 1 




- 6 




4 




8 


+ 9 






~ 6 


3 


+ 16 






+ 9 


- 1 





+ 12 




+ 9 




~ 2 


8 




4 




+ 1 


2 





= 0. 



110. The first set of 16 equations is the square-set, which has been already con- 
sidered. If in each of the other sets of 16 equations we write in like manner u'=^Q^ 
each set in fact reduces itself to eight equations; sets 2, 3, 4 give thus 8 + 8 + 8, 
= 24 equations; sets 5 to 8, 9 to 12, and 13 to 15, give each 8 + 8 + 8 + 8, =32 
equations ; or we have sets of 24, 32, 32, 32, together 120 equations, the number 
being of course one half of 256 — 16, the number of equations after deducting the 
1 6 equations of the square set. 
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111, The first set, 24 equations. 

This is derived from the second, third, and fourth sets, each of 16 equations, by 
writing therein u=^0. Taking a^^, /S^, y^, S^ for the zero-functions corresponding to 
Xj, Y^, Zj, Wj, then on writing tt'=0, X/, Y/, Z^, W^' become ccj, ^j, y^, Sj. In the 
second set of 16 equations, the first equations thus are 



3-^ u . B-QU=a^^'\'y^Z^, 



0=^iYi+SiWi, 
0=;8,Yi-S,Wi, 



viz., the equations of the column require that, and are all satisfied if, ^i=0, 8i=0 : 
hence the zero functions are a^, 0, yi, ; and this being so we have only the equations 
of the first column. And similarly as regards the third and fourth sets ; the zero 
values corresponding to 



are 



X 

^1 yi 



XV 7 \ST 

«3 /Sg 






ag Sg; 



and we have in all 8 + 8 + 8, =24 equations. These are 







(Suffixes 1.) 









Suffi 


xes 2.) 






(Suffi: 


xes 3.) 


S-u 


. <,9^'?* 


X 


Z 

V 


S-u 


. S-u 




X 


Y 

A 


S^U 


. S-tt 


X 


W 


4 





^ tZ 


" — V 

7 


8 





— 


(Z 


\ 

y3 


12 





/^ ^ 

tZ 


s _^ 


12 


8 


— « 


— 7 


12 


4 


:^ 


(X, 


-/J 


8 


4 


iX 


—s 


6 


2 


= 7 


a 


9 


1 


z::z 


/3 


(X, 


15 


3 


— a 


a 


14 


10 


= 7 

Y 


— m 

w 


13 


5 




z 


(X. 

w 


11 


7 


Y 

A 


(X, 

z 


5 


• 1 


== i% 


7 


10 


2 


— 


r 


/^ 


13 


1 


( ^ 


v-^ ^ 


13 


9 


— i% 


7 


14 


6 


— 


(X, 


-j8 


9 


5 


^ « 


—a 


7 


3 


— 7 


(X, 


11 


3 


— 


p 


a 


14 


2 


^^ 


(X 


15 


11 


= 7 


— oc 


15 


7 


___. 


p 


— ex. 


10 





~ ^ 


ex. 


^0 


. ^0 






^0 


. ^0 








^0 


. ^0 






4 





— a^ + fy^ 


8 







.^3+^3 


12 





= «2 


H-as 


12 


8 


- «3_ 


..^ 


12 


4 


— 


«3- 


-^3 


8 


4 


— oc^ 


a^ 


6 


2 


= 2« 


7 


9 


1 


— 


2 


ccfi 


15 


3 


= 2^a 
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112. The second set, 32 equations. 



To exhibit these in a convenient form I alter the notation, viz., I write 



E+G, i(E-G), (F+H), ^•(F-H) 
X, Y, Z, W 



Ei+A, Ei-A, Fj+iHi, Fi-iHi 



X 



i> 



i> 



z 



l> 



w. 



(E,+G,), i{E,-G,), (F,+H,), ^•(F,-H,) 



X 



3> 



Y 



3' 



z„ 



w 



3 



Eg+iGg, Eg — '^Gg, Fg+tHg, Eg — tH^ 



X 



3? 



V 



Z 



3? 



w,, 



so that as regards the present set of equations, X, Y, X, &c., signify as just mentioned. 
And this being so the corresponding zero-values are 



a, 0, y, 1 oti, 0, y^, | a^, 0, 0, 8^ 1 otg, 0, 0, Sg. 



The equations then are 



(Suffixes 0.) 



1 

9 

3 

11 



5 
13 

15 





8 

2 

10 






7 
— x 



Y W 



4 
12 

6 
14 



a 

7 
7 



7 

—7 
a 

— a 



^0 . ^0 
1 

• 9 8 
H 2 



2a<Y 



^3 — ryS 



"S-'w- . S-ii 



1 

9 

3 

11 



5 
13 

7 



(Suffixes 1.) 
X Z 



-A^ 



12 

6 

14 



/ — ^ p^ 



Y W 





8 

2 

10 



a 

7 

7 



7 

~7 
a 

— a 



^0 . ^0 
8 6 



— 'i(a3 + 7') 

2*a7 



— i(ofi — 7^) 



(Suffixes 2.) 

S^u . S-u X W 

_ v^.. 



9 
1 

15 

7 



13 
5 

11 
3 



= « -a 

8 = a ^ 

' 6 = ^ a 

14 = -a 






i» 



Z 



12 

2 
10 







S 
a, 

IX 



S-0 . ^0 
9 = 
1 8 = 



^3 — ^3 

2«a 



lyjU • i^'i// 



9 

1 

15 

7 



13 
6 

11 
3 



(Suffixes 3.) 

X W 



4 
12 

2 
10 






Y 






.A^ 





8 

6 

14 



<3t B 

a — 

— is — ia. 



^0 . ^0 
9 4 = 
1 12 = 

15 2 = 






i(a^-S^) 
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113. Third set, 32 equations. 



We again change the notation, writing 



I+K, {(I— K), J+L, t(J— L) 

: X, Y, Z, W 



Ii+Kp i{Ii-K^), (Ji+Li), i{Ji-'Li) 






'2 



= jL 



3> 



Y 



2? 



Zo, 



w 



3 



3+^lV.o, in IjS.o, Jo+^Lo, Jo — iL 



3? ^3 



'3? "3 



A3. 



Y 



A^? 



W. 



the zero values beinsf 



a, 0, y, 



ot 



V 



0, 0, §1 I a^, 0, 73, 1 ag, 0. 0, Sg 



Then equations are 



S^u , 


( 


SufDxes 0.) 

X z 


S^if^ . 


S-to 


(Suffixes 1.) 
X W 

A 


Bu . 


S-u 


(Suffixes 2.) 
X Z 


S-u 


«9^'M 


(Suffixes 3.) 
X W 


2 
6 
3 

7 




4 
1 

5 


— a, 7 

Or 7 

- — fy ^ 

— 7 a 

Y W 


6 

2 

15 

11 




4 

9 

13 


r 


Or 'B 

8 ' a, 
— S a, 

Y ' Z 


2 
6 
3 

7 


8 
12 

9 
13 


= iW '?,<Y 
— ■ —1ac -\-iy 

•=^ — iy — la, 

= — 17 -\-icz 

Y W 


6 

2 

15 

11 


8 

12 

1 

5 


r- 7 •^^' 7j 

= — ior — iB 

= — io(> is 
— — b ex, 

Y Z 


10 
14 
11 
15 


8 
12 

9 
13 


i ^ s 

— (Z 7 
= ^ — 7 

— 7 a, 

-— fy — oc 


14 

10 

7 
3 


8 

12 

1 

5 


r 


A. ^ 

a, B 

— B tx 


10 
14 
11 
15 



4 
1 

5 


— a 7 
___ (Z 7 
= 7 (Z 

— 7 — a 


14 
10 

7 
3 




4 

9 

13 


r ^^ -N 

— ex, B 

— ex — B 

— — i^ — i^ 

= ih — io^ 


2 
6 
3 


.^0 

4 
1 


— ^2 + 7^ 

— 2<%7 


6 

2 

15 


. ^0 

4 
9 


__ 


2ocB 


^0. 
2 
6 
3 


^^0 
8 

12 
9 


— — ^'(a^ + 7^) 
— . — ^(a^ — 7^) 

= — 2^i%7 


^0. 

6 

2 
15 


.^0 
8 

12 
1 


- 2aB 
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114. FouETH set, 32 equations. 



Again changing the notation we write 



M.,+iq„ M2-^•Q3, N^-f^Ps, ^,-iF, 
X, Y, Z, W 



M3+Q3, m,-q,), N3+P3, *XN3-P3) 



^1> 



Yi. 



z 



i> 



Wi, 



M+Q, i(M-Q), N+P. ^•(N-P) 



— Xo, 



J^2> 



^25 



w 



Mi+^'Qi. Mi-^^Qi, Ni+^'Pi, Ni-iPi 



X 



3> 



^35 



zS«- 



39 



w. 



the zero values being 



a, 0, y, 



Qt^, 0, OjL, S 



Q^ 



2> 



0, 72. I 0. A. 73. 



and the equations then are 



S^u . -S^tf- 




15 

2 
14 



4 

8 

6 

10 



^0 


15 
2 



(Suffixes 0.) 

X z 



3 
12 

1 
13 



a- 
■a. 

7 
7 



7 

7 

(X 
(3t 



y w 



7 

11 
5 
9 



7 
7 



■7 

7 
a, 

(X. 



^0 
3 

12 
1 



^^ -j- /M'* 
2^7 



-5-1^ . *S-t6 



3 
15 

6 
10 



7 
11 

2 
14 



(Suffixes 1.) 
X W 



4 

8 

1 

13 



— ^flt 
— d 




12 

5 




^0 .^0 

3 4 = 
15 8 = 

6 1 = 



Of, 



id 



id 

id 



z 

d 
- d 

•ioc 

icic 



■^(^3_g3) 

2«a 



-^•^* . -5-1^ 



15 
3 

14 

2 



11 

7 

10 

6 



<ao 

15 
3 

2 



(Suffixes 2.) 
X Z 



4 
8 
5 
9 




12 

1 
13 



^0 
4 
8 
9 






■— ^7 
— '^7 
— ict 
^—ioc 



y w 



i3& 

7 
7 



7 

■7 

(X, 

■ex. 



^(a^ — 7^) 
--i(a^-f 7^) 

— 2^a7 



(Suffixes 3.) 
^z^ . »9^t* y Z 



15 

3 

10 

6 



11 

7 
14 

2 



^0 

15 

3 

6 




X W 



4 

8 

1 

13 



^0 


12 
9 



7 
7 



7 
■7 



(/3^-7^) 

2/37 



MDCCCLXXX. 
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115. It will be noticed that the pairs of theta-functions which present themselves 
in these equations are the same as in the foregoing ^' Table of the 120 pairs." And 
the equations show that tlie four products, each of a pair of theta-functions, belonging 
to the upper half or to the lower half of any column of the table, are such that any 
three of the four products are connected by. a linear equation. The coefficients of 
these linear relations are, in fact, functions such as the a^+S^, a^— S^, 2aS written down 
at the foot of the several systems of eight equations, and they are consequently products 
each of two zero-functions c. 

Thus (see " The first set, 24 equations ^^) we have 



Ml 

4 



3 

7 



3-u 

8 
12 
15 
11 



(Suffixes 3.) 

X w 



f 
= a 


1 

-s 


— a 


8 


= 8 


a 


-_s 


a 



rC/"Cv . t^vv 



5 
1 

2 



9 
13 

14 
10 



(Suffixes 3.) 

Y Z 

—A 



= a — S 

= a S 

= S a 

= — S a 



(Suffixes 3.) 



^0 . ^0 

4 



15 



= 0L^ — 8^ 

12 =a+S^ 
3 =2aS 



116. In the left hand four of these, omitting successively the first, second, third, 
and fourth equation, and from the remaining three eliminating the X3 and W3, we 
write down, almost mechanically, 



9-11 



7 



8 
12 
15 
11 



+ 2aS, 
2aS, 






2aS 



2aS 



and thence derive the first of the next following system of equations ; read 












^8^15'^3'^15 






where the theta-functions have the arguments u^ v. 

Observe that on writing herein u^O^ v^O^ the first three equations become each of 
them identically 0=0 ; the fourth equation becomes "-c/cg^+^o^^is^^^^s^^is^^^O, which 
is one of the relations between the c^s, and which serves as a verification. 

But in the right hand system^ on writing t^z^t'^^0^ each of the four equations 
beconies identically 0^0* - 
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117. The equations are 



^ 


48 


0.12 


3.15 


7.11 


c 




3.15 


-0.12 


48 




-3.15 




48 


0.12 




0.12 


48 




3.15 




48 


0.12 


3.15 





=0, 



.^ 


5.9 


1.13 


2,14 


6.10 


c 




3,15 


0.12 


48 




3.15 




48 


-0.12 




0.12 


-48 




3.15 




-48 


0.12 


3,15 





^ 


6.8 


2.12 


1.15 


5.11 


c 


, 


1.15 


2.12 


6.8 




1.15 




6.8 


-2.11 




2.12 


-6.8 




1.15 




-6.8 


2.11 


1.15 





= 0, 



^ 


7,9 


3,13 


0,14 


410 


c 




L15 


2,12 


6,8 




1.15 




6,8 


2.12 




2.12 


-6,8 




1,15 




6.8 


2.12 


-1.15 





=0, 



.^ 


0.6 


2.4 


9.15 


11.13 


c 




9.15 


2.4 


0.6 




9.15 




0.6 


-2.4 




2.4 


0.6 




9.15 




-0.6 


2.4 


9.15 





=0, 



^ 


L7 


3.5 


ai4 


10.12 


c 




9,15 


2..4 


0.6 




-9.15 




0.6 


2,4 ' 




2.4 


-0,6 




9,15 




0.6 


2.4 


-9,15 





.^ 


3.6 


1.4 


9.12 


1411 


c 




9.12 


-1.4 


3.6 




-9.12 




3.6 


-1.4 




1.4 


3.6 




9.12 




3.6 


1.4 


-9.12 





=0, 




^ 



8.9 



0.1 



2.3 



10.11 =0, 



e 




-2.3 


0.1 


8.9 




2.3 




-8.9 


0.1 




0.1 


8.9 




2.3 




8.9 


0.1 


-2.3 





^ 


12,13 


45 


6,7 


1415 


G 




2,3 


0.1 


8,9 




2.3 




-8,9 


0,1 




0.1 


8-9 




2.3 




-8,9 


0.1 


^2.3 





=0, 



^ 


46 


0.2 


1.3 


5.7 


c 




-1.3 


2.0 


4.6 




1.3 




-4.6 


-0.2 




0.2 


46 




1.3 




-46 


0.2 


-1.3 





=0, 



^ 


9,11 


13,15 


12,14 


8,10 


c 




-1.3 


0.2 


46 




1.3 




46 


0,2 




0,2 


46 




1,3 




46 


0.2 


-1.3 





=0, 



^ 


6.12 


2.8 


3.9 


7.13 


c 




3.9 


2.8 


6.12 




-3.9 




6.12 


2.8 




2.8 


-6.12 




-3.9 




6.12 


2.8 


3.9 





=0, 



6 K 2 



^ 


1.11 


5.15 


4.14 


0.10 


c 




3.9 


-2,8 


6.12 




3.9 




6.12 


2.8 




2.8 


6.12 




-3.9 




6.12 


-2.8 


3.9 





=0, 
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^ 


6.15 


1.8 


0.9 


7.14 


c 




0.9 


-1.8 


-6.15 




-0.9 




6.15 


1.8 




1.8 


-6.15 




-0.9 




6.15 


-1.8 


0.9 





= 0, 



^ 


2.11 


5.12 


413 


3.10 


c 




0.9 


-1.8 


6.15 




—0.9 




-6.15 


1.8 




1.8 


615 




-0.9 




-6.15 


1.8 


0.9 





0, 



^ 


49 


1.12 


2.15 


7.10 


c 




2.15 


-1.12 


4.9 




-2.15 




49 


1.12 




1.12 


49 




2,15 




-4.9 


1.12 


-2.15 





» 


0.13 


5.8 


6.11 


3.14 


c 




2.15 


1.12 


-49 




-2.15 




49 


1.12 




1.12 


49 




2.15 




49 


1.12 


-2.15 





=0, 



^ 


4.12 


0.8 


1.9 


5.13 


c 




-1.9 


0.8 


412 




1.9 




-^412 


-0.8 




0.8 


412 




1,9 




-4.12 


O.S 


1.9 





^ 


3.11 


7.15 


6.14 


2.10 


c 




1.9 


0.8 


412 




1.9 




-412 


0,8 




0.8 


4.12 




1.9 




-412 


-0.8 


1.9 





=0, 



s- 


415 


3.8 


2.9 


5.14 


c 




-2.9 


3.8 


4.15 




2.9 




4.15 


3.8 




3.8 


415 




2.9 




-4.15 


3.8 


-2.9 





=0. 



s^ 


0.11 


7.12 


6.13 


1.10 


c 




-2.9 


3.8 


-415 




2.9 




415 


-3.8 




3.8 


-4.15 




2.9 




4.15 


3.8 


2.9 





0, 



^ 


6.9 


3.12 


0.15 


5.10 


c 




-0.15 


3.12 


6.9 




0.15 




6.9 


3.12 




-3.12 


6.9 




0.15 




6.9 


3.12 


0.15 





■0. 



^ 


2.13 


7.8 


411 


1.14 


c 




0.15 


3.12 


-6.9 




0.15 




6.9 


3.12 




-3.12 


6.9 




0.15 




6.9 


3.12 


0.15 





=0, 



s- 



c 



1215 


0.3 


1.2 


13.14 




1.2 


-0.3 


-12.15 


-1.2 




12.15 


0.3 


0.3 


-1215 




-1.2 


12.15 


-0.3 


1.2 





=0. 



» 



8.11 


47 


5.6 


910 




1.2 


0.3 


12.15 


1.2 




"12.15 


0.3 


0.3 


12.15 




-1.2 


12.15 


-0.3 


1.2 





= 0, 



s- 


1.6 


3.4 


8.15 


10.13 


c 




815 


-3.4 


1.6 




-8.15 




1.6 


-3.4 




3.4 


-1.6 




8.15 




-1.6 


3.4 


-8.15 





^ 


2.5 


0.7 


1112 


914 


c 




8.15 


-3.4 


1.6 




8.15 




1.6 


3.4 




3,4 


-1.6 




815 




8.15 


3.4 


8.15 





:0, 
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^ 


2.6 


0.4 


8.12 


10.14 


c 




8.12 


0,4 


-2.6 




8.12 




2.6 


0.4 




0.4 


2.6 




-8.12 




2.6 


-0.4 


8.12 





=0, 



^ 


1.5 


3.7 


11.15 


9.13 


c 




8.12 


0.4 


2.6 




8.12 




2.6 


-0.4 




0.4 


-2.6 




-8.12 




2.6 


0.4 


8.12 





=0. 



118. The foregoing equations may be verified, and it is interesting to verify them, 
by means of the approximate values of the functions : thus for one of the equations 
we have 






+ ^4^8'^7'^11 



= 0, 



(2A+2A')(— 2A+2A') 



— 1 



•mnnIhm 



= 0, 



X 



2A cos ^7r{u+v)'^2A' cos ^7t{u—v). 

— 2A cos ■|7r(t^+tr) + 2A'cos^7r(t^— z;) 

2 A sin ^7t{u+v)-'2A' sin ^7r{u—v), 

— 2A sin |7r(t6+'y) + 2A' sin ^7t(u—v) 



viz., the equation to be verified is here 



-4A^ +4A'^ 

+ 4 A^ cos^ i^(w+ '^) •— 4A'^ cos^ i^{^ 
+ 4A^^ sin^ ^Tr{U'^v)-' 4A'^ sin^ 2^(^^^ 
= 0, which is right. 



'V 



119. In the equation 



^1^4*^9 '^12 

= 0, 



2Q.1.2Qcos^7rt/.l 
2Q.1.2Qcos-^7rt^.l 



= • 



this is right, but there is no verification as to the term c^CqS-i^S^h; taking the mor 
approximate values, the term in question taken negatively, that is -^c^CqS-i^^S-h is ^ 

— (2A+2A'). 2S. — 2Ssin-|iT'z;* — 2A sin|7r(t^+'z;) + 2A'sin |ir(t^— ^), 
which is SS5 



8S^(A+A0^ COS |7rt^+8S^(A4-A')A cos Iit(u+^ + SQ%A+A)a' cos y{u--2v) 
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and tMs ought therefore to be the value of the first two terms^ that is of 

(2Q+2Q^-2A-2A')(1-2Q*-2S^){2Q cos l7ru+2q^ gob^ttu 

+ 2A cos ^7t{u+2v) + 2k! cos ^tt{ii—2v) } (1 — 2Q* cos 7rt^+ 2S^ cos irv) 

-(2Q+2Q9+2A+2A0(l-2QH2S4){2Qcosi7rz^+2Q9cos|7rt^ 

— 2A cos^7r(z«+2i;) — 2A' cos -|7r(t^— 2'z;)}(l — 2Q^ cos ttu— -28^ cos tt'I;), 

which to the proper degree of approximation is 

= (2Q-4QS-4QSH2Q^-2A-2A0{2Q cos -|7rt^-4Qs cos Imi cos ttu 

4-4QS^ cos \ttu cos 7r'y+2Q^ cos f7rit+2A cos |^7r(te+2'z;) + 2A'cos |7r(t6— 2t?)} 

-(2Q-4Q^+4QSH2Q9 + 2A+2A0{2Qcos|7ri/.-4QScosi7rt^coS7rt^ 

— 4QS* cos \ttu COS 7rv+2(^^ cos ^ttu—2A cos ^tt{u'\^ 2v) — 2A!qob\tt{u—2v)] . 

This is 

(2Mo— 20o)(2M+20) 

-(2Mo+20o)(2M— 2X2), =:8(MoO-MOo) 
if for a moment 

M=Q cos I^TTte— 2Q^ cos ^ttu cos 7rt^+Q^ cos |7r% Mq=Q— 2Q^+Q^, 

0=2QS* cos TTU cos 77^+ a COS l7T(u+2v)'\'k! cos ^tt{u^2v), flo=2QS^ +A+A', 

or substituting and reducing, the value of 8(MqO— MOq) to the proper degree of 
approximation is found to be 

= ~8Q(2QSHA+A0 cos ^wu 

+ 8(Q^S^+8QA) cos ^7r{u+2v)+8{Q^S^+8QA') G0sl7r{u^2v), 

which in virtue of the relations QA=A^S®, QA'=A'^S^ Q^S^=AA', is equal to the 
foregoing value of 0306^14,^9^11. I have thought it worth while to give this somewhat 
elaborate verification. 

Resume of the foregoing results. 

120. In what precedes we have all the quadric relations between the 16 double 
theta-functions : or say we have the linear relations between squares (squared func- 
tions) and the linear relations between paii^s (products of two functions) : the number 
of the asyzygetic linear relations between squares is obviously =12; and that of the 
asyzygetic linear relations between pairs is =60 (since each of the 30 tetrads of pairs 
gives two asyzygetic relations): there are thus in all 12+60, =72 asyzygetic linear 
relations. But these constitute only a 13 -fold relation between the functions, viz., 
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tliey ate such as to give for the ratios of the 16 functions expressions depending upon 
two arbitrary parameters, x^ y. Or taking the 16 functions as the coordinates of a 
point in 15 -dimensional space, these coordinates are connected by a 13-fold relation 
(expressed by means of the foregoing system of 72 quadric equations), and the locus 
is thus a 13-fold, or two-dimensional, locus in 15 -dimensional space. 

Hence, taking any four of the functions, these are connected by a single equation ; 
that is regarding the four functions as the coordinates of a point in ordinary space, 
the locus of the point is a surface. 

In particular the four functions may be any four functions belonging to a hexad : 
by what precedes there is then a linear relation between the squares of the four 
functions : or the locus is a quadric surface. Each hexad gives 15 such surfaces, or 
the number of quadric surfaces is (16 X 15=^) 240. 

The 16 -nodcd quartic surfaces, 

121. If the four functions are those contained in any two pairs out of a tetrad of 
pairs (see the foregoing ''Table of the 120 pairs ''), then the locus is a quartic surface, 
which is, in fact, a Kummer's 16-nodal quartic surface. For if for a moment x.y and 
z.w are two pairs out of a tetrad, and r.s be either of the remaining pairs of the 
tetrad ; then we have rs a linear function of xy and zw : squaring, r^s'^ is a linear 
function of x^y^, xyzw, ^'w^ ; but we then have r^ and s^, each of them a linear function 
of x^y 2/^, 2^^, w^ ; or substituting we have an equation of the fourth order, containing 
terms of the second order in (x^, y^, %^, w^), and also a term in xyziu. It is clear that 
if instead of r.s we had taken the remaining pair of the tetrad we should have obtained 
the same quartic equation in {x, y, z, w). And moreover it appears by inspection 
that if xy and zw are pairs in a tetrad, then xz and yw are pairs in a second tetrad, 
and xw and yz are pairs in a third tetrad : we obtain in each case the same quartic 
equation. We have from each tetrad of pairs six sets of four functions {x, y, e, w): 
and the number of such sets is thus (J6.30=)60 : these are shown in the foregoing 
" Table of the 60 Gopel tetrads," viz., taking as coordinates of a point the four 
functions in any tetrad of this table, the locus is a 16-nodal quartic surface. 

122. To exhibit the process I take a tetrad 4, 7, 8, 11 containing two odd functions ; 
and representing these for convenience by x^ y, z, id, viz. : writing 

we have then X, Y, Z, W linear functions of the four squares, viz., it is easy to 

obtain 

a (cc^ + ^^) "^ ^ (3/^ 4" '^^^) =^ 2 ( <5&^ — S^) X3 

a( „ )'-a{ , )^2( , )W, 

-~-^(x^-^^)+y(3/^-i^^)=^2(/3^-7^)Y, 

—y{ n )+^( ?. )— 2( ,, )Z. 
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Also considering two other functions \{u) and 3-i<i{u), or as for shortness I write 
them, \ and S-i^, we have 

V=aX-/8Y-yZ+8W, 
and substituting the foregoing values of X, Y, Z, W, we find 

where writing down the values first in terms of a, ^^ y, S and then in terms of the c^s^ 
we have 

and we then have farther 

that is 

whence equating the two values of B^q^B-i^' we have the required quartio equation in 

JUy U^ %^ lA) , 

123. But the reduction is effected more simply if instead of the c's we introduce the 
rectangular coeflficients a^ h^ c^ &c. We then have 

= — DC— 6 c ^ =oc; JLj=66 +cc ^ ^aa j 



and the equations become 






y/feVrS-Q^-ig— ^/a xz-^y^^Vcyiv^ 



so that the elimination gives 
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Vc\-a''cx^'+hcy^+a'hz'-a'a'%v^) 



X ( ahx^ — aa'y^ — a'cz^ + hcw^) = {c"^ — V^) ^. [ axH^ — Vdy^w^ + 2 ^Z — aU'cxyzw } , 



viz. : this i 



IS 



— a'bh'c\a^-{-c^){xho^-{'yh^) 

— 2(¥'^—c'^Yv^—aVcxyzvj=^0. 

124. In this equation the coefficients of xh^ and yhv^ are each -^^aa^hoiJ/^-^c"^), as 
at once appears from the identities 

\aa'\G-b\hc= c' {b'^'-^o''^), 

by multiplying together in each pair the left hand and the right hand sides respec- 
tively. Substituting and dividing by —da^bVoc'', we have 

x:^'+y^'+7J^+%o'^ 

aJ^^j^y^ 5'3_l_c"3 ^'24.^3 

7}T~{x^y^+zho^) -----, j~^r~ {xh^-\-y^w^)-\ 7^- (xV-^yh^) 

act bl) cc ^ 

or if we herein restore the c's in place of the rectangular coefficients this is 

x'-\-y^-\-z''^-w^ 

^1 ^3 ^4 ^6 ^8 ^9 

which is the equation of the 16 -nodal quartic surface. 

Substituting for x, y, z, w their values .^4, 3-r^^ Sg, S-ii{ii), we have the equation con- 

MDCCCLXXX. 6 L 
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necting the four theta-functions 4, 7, 8, 11 of a Gopel tetrad. And there is an eqn 
tion of the Kke form between the four functions of any other Gopel tetrad : for 
obtaining the actual equations some further investigation would be necessary. 

The xy- expressions of the theta-functions, 

125. The various quadric relations between the theta-functions, admitting that 
they constitute a 13-fold relation, show that the theta-functions may be expressed as 
proportional to functions of two arbitrary parameters x, y ; and two of these functions 
being assumed at pleasure the others of them would be determinate ; we have of course 
(though it would not be easy to arrive at it in this manner) such a system in the 
foregoing expressions of the 16 functions in terms of x, y\ and conversely these 
expressions must satisfy identically the quadric relations between the theta-functions. 

126. To show that this is so as to the general form of the equations, consider first 

the xy-factors \/a, \/ah, &c. As regards the squared functions {\/al)f^ we have for 

instance 

/— 1 /— - 

(\/a6)^=^{abfc^d^e^+a^b/^cde+2vXY], 

( \/c(£) ^ = ^ { cdfa^b^e^ + c^d/^abe + 2 v X Y ] , 

2 

each of these contains the same irrational part ^3\/XY, and the difference is 

therefore rational ; and it is moreover integral, for we have 

1 

(v^a6)'^— (v^C(i)^=^l(abc^d^---a^b^cd)(fe,---f e)., 

where each factor divides by ^, and consequently the product by ^^ ; the value is m 
fact 



{<^-f) 



1, X'^y, xy 
1, a+6, ah 
1, c+d, cd 



a linear function of I, X'\-y, xy ; and this is the case as regards the diiference of any 
two of the squares {\/abf, {\/acf, &c. ; hence selecting any one of these squares for 
instance (\/de)^, any other of the squares is of the form 

X'^lj.{x-^y)'^pxy-\-p{\/deY ; (p=:l) 

and obviously, the other squares {\/a)^, &c., are of the like forrn^ the last coefficient p 
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being =0. We hence have the theorem that each square can be expressed as a hnear 
function of any four (properly selected) squares. 

127. But we have also the theorem of the 16 Kummee hexads. 

Obviously the six squares 

War, WW, W'cf, Wdy, WeY, Wff 

are a hexad, viz. : each of these is a linear function of 1, x-^y, xy^ and therefore 
selecting any three of them, each of the remaining three can be expressed as a linear 
function of these. 

But further the squares (\/a)^, (\/&)^ {\/ctbf, {\/cdy, (s/ce)^, (\/deY form a 

hexad. For reverting to the expression obtained for (\/a6)^ — {\/cd)^, the determinant 

contained therein is a linear function of aa^ and bb^, that is of (\/a)^ and (\/6)^; we 
in fact have 



(a-- 6). 



1, x+y, xy 
1, a+Z>; ah 
1, c-^d, cd 



==(6~c)(6— (i)(a— cc)(a~;y) — (a— c)(a~(i)(6— cc)(?>---2/)- 



Hence {\/ abf — [\/ cdY is a linear function of [\/af, {\/i>y \ a.nd by a mere inter- 
change of letters {\/ aby — {\/ cef , {\/ abY— {\/ deY, are each of them also a linear 

function of (va)^ and (v6)^; whence the theorem. And we have thus all the 
remaining 15 hexads. 

128. We have a like theory as regards the products of pairs of functions ; a tetrad 
of pairs is of one of the two forms 

\/a\/b, \/ac\/bc, \/ad\/bd, \/ae\/be and \/f\/ab, \/c\/de, \/d\/ce, \/e\/cd ; 

in the first case the terms are 

V aa^bb^ } , 

1 ^ ^ 

■q^ { (ab^ + a^b) \/cdefc^d^e/, + (cfd^e^ + c/^de) \/^aa^bb, } , 

1 

J^[ ., 5. +(dfc,e^+dXce) „ ], 

1 

^X ^^ ^^ 4-(efc,d^ + cf^ce) ,, }, 

and as regards the last three terms the difference of any two of them is a mere 

constant multiple of \/aa^bb, ; for instance, the second term ■— the third term is 

6 L 2 



^ G , ^ "^ C^ 5 5 ( ^ 



) 
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==^(cd^— c^d)(fe^~f e)v'^aa^bb^,==(c— (i)(/---6)\/aa^bb^ ; we bave thus a tetrad such 

that selecting any two terms, each of the remaining terms is a hnear function of these. 
In the second case the terms are 

^ { f^/shc^de/^ + f \/a^b^cdef } , 
1 

e 

1 

~n\^ 5 1 I ^/ J ? ) $ 

whence clearly the four terms are a tetrad as above. And it may be added that 
any linear function of the four terms is of the form 

^ { (k+jjix) \/ abc^d^e^f + (A.+/xy) va^b.cdef } . 

129. Considering next the actual equations between the squared theta-functions, 
take as a specimen 

^6 '^6 ^2 "^2 « ^I '^1 ^g '^9 — ^i* 

that is 

where Cg, Cg^ ^i^ CQ^=-\/ab, Vcd, \/ce, v^de respectively. Since the functions [\/ahf, 

2 

&c., contain the same irrational term "\/XY, it is clear that the equation can only be 

true if 

and this being so it will be true if 

where by what precedes each of the terms in {} is a linear function of {\/a)^ and 
{■s/hy^: attending first to the term in (v/a)^^ the coefficient hereof ig 



ef})cM.c^^df.hc.be.G^'-\'cf.hd.he,c 



4 
9 ^ 



where for shortness fee, bd^ &c., are written to denote the differences & — c, h--^d, &c. : 

substituting for c^^ its value {\/GdY, :=.cdxf,df.ah ae.he, and similarly for c^ and c^^ 
their vahies, :==^ce,Gf^ef.abxid.hd^ and de.dfef.ah.achc respectively, the whole expression 
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contains the factor ah.bG.hd.he.cf,df,ef, and throwing this out, the equation to be verified 

becomes 

cd.ae— ce.ad + de, ac = 

which is true identically. The verification is thus made to depend upon that of 
^6^""%*+Ci*— c/=:0 ; and similarly for the other relations between the squared 
functions, the verification depends upon relations containing the fourth powers, or the 
products of squares, of the constants c and h. 

130. Among these are included the before-mentioned system of equations involving 
the fourth powers or the products of squares of only the constants c ; and it is inter- 
esting to show how these are satisfied identically by the values Cq= ^/m, &c. 

Thus one of these equations is Oi^-^-c^-^-c^^^^c^^; substituting the values, there is 
a factor ce which divides out, and the resulting equation is 

ad,af,df.bc,he-^cfxf,abMd,bd'^abMf.hfxdAe--^acMe.hd.^^^ 

There are here terms in a^, a, a^ which should separately vanish ; for the terms in 
a^ the equation becomes 

df.bc.be-{-bd.cf,ef'^bf.cd.de'—bd.bf.df=0, 

which is easily verified ; and the equations in a and a^ may also be verified. 

An equation involving products of the squares is Ci/<?f/— Ci^c/+%^<^6^=0- The 
term %%^ is here \/adf.bce \/def.abc which is ==\/{bc)^{dfyMbxtcMdxi/,bexe.de/ef] 
which is taken ■=bc.df\/ab.ac.ad.af.bexe,de.ef; similarly the values of c^^c^^ and Cg^/ 
are ==6dc/*and bf.cd each into the same radical, and the equation to be verified is 

bc,df'—bd.cf'{'bfxd=0^ 

which is right : and the other equations may be verified in a similar manner. 

131. Coming next to the equations connecting the pairs of theta-functions, for 
instance 

this is 

o^CiB<^()Ci^{\/bd \/ad — \/be\/ae} -{-o^cjc^h^^ ^/b\/a=^0, 

the products \/%d \/ad and \/be \/ae contain besides a common term the terms 
^(dfc^e^+d/^^e) \/aa^bb^, and — {efc^d^-\'e{^cd)\/sia,)jh^, hence their difference contains 

-^(de^ — d^e)(fc^— f c)\/aa^bb^ which is =c?6.^\/aa^bb^, that is de.fc\/a\/b : hence the 
equation to be verified is 

%^'iQ^(}^n 1® -^s/befMcd ^aefMcd. y^bdf.ace \/adfbce^ where under the fourth root we 
have 24 factors j which are, in fact, 12, factors twice repeated; and if we write 
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Il^z=ahMGMdMeMf.hcJjd.he.hf,cd,ce,ef,de,df.ef, for the product of all the 15 factors, 
then the 12 factors are in fact all those of IT, except ah, cf^ de ; viz., we have 



Again, C4^jc^k^i,=i'\/acf.hde \/hGfxide ^acdef x^bcdefl is a fourth root of a product of 
32 factors, which are in fact 16 factors twice repeated, and in the 16 factors, ah does 
not occur, cf and de occur each twice, and the other 12 factors each once : we thus 
have 



and the relation to be verified assumes the form 



fcde^yl -V- {cff{def+ ^{cff{def= 0, 



which, taking fG,de=---\/{cf)'^{de)'^, is right. And so for the other equatigns. It will 
be observed that in the equation de,fc.CQCi^CQCj2-{-c^CQkjkii=0, and the other equations 
upon which the verifications depend, there is no ambiguity of sign : the signs of the 
radicals have to be determined consistently with all the equations which connect the 
cs and the Fs : that this is possible appears evident a priori^ but the actual verification 
presents some difficulty. I do not here enter further into the question. 



Further restdts of the product-theorem, the U:^^'^' fo^midcB, 

132. Recurring now to the equations in u+u\ u—u\ by putting therein ii=0, 
we can express X, Y, Z, W in terms of four of the squared functions of u, and by 
putting u^O we can express X', Y', Z\ W in terms of four of the squared functions of t^^; 
and, substituting in the original equations, we have the products ^{ )u--\-u\S-{ )u—ii 
in terms of the squared functions of u and u\ 

Selecting as in a former investigation the functions 4, 7, 8, 11 (which were called 
X, y, %, iv) it is more convenient to use single letters for representing the squared 
functions, and I write 



S^{u-\-u') . 


. ^{u- 


-u)' 


^^u 




4 


4 


- P, 


4 = 


'- P, 


7 


7 


" Q, 


7 = 


-- (h 


8 


8 


K, 


8 = 


: r, 


11 


11 


- S, 


11 = 


- s. 



9.. J 



5-'% 



11 





^20 






p, 


4 = 


= Po (= 


--c,\ 


<!', 


7 = 


-- 0, 




f 

r , 


o — 


-- ''o (= 


=0s% 




11 --= 


:: 0. 
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JL XXtJxJL 



X Y Z W 



p ^ 


X' -Y' 


+Z' 


-W, 


<^ 


W -71 


+r 


-x; 


H, - 


X' +Y' 


-Z' 


-w; 


s - 


W +Z' 


-Y' 


-X', 



p 



'i^ 



s 



X Y Z W 



a 



-/8 +y 



-8, 

— a, 

-8, 

— a. 






r 



s 



J 



__^ __.y jr^^ _.^_^ 



a — /3 +y 



-8, 

— a, 

-8, 

— a. 



Hence 



„ —a „ —2 „ W, 
-/3(p-r)+y{q- s) = 2 (yS^ - y^) Y, 

and by means of these values 



a{p'+r') -8{q+s') ==2{a^~B^)X\ 
S „ —a „ =2 „ W, 



7 



J? 






9, 



5? 



ryr 



4(a^— S^)^X'X =a^(p+^)(i>'+O + ^^(9'+*)(9''+*'')~''*^[(jP + ^)(9''+^') + (i^'+'0(2'+*') 



4 



3> 



W' w = s 



% 



9} 



-^OL 



3 



?> 



a8[ 



3? 



33 



4(^2-y2)2YT =;82(p-r)(p'-r')+y%-s)(2'-s')-M(p-'^)(2'-s') + (p'-^')te-«)] 



73 



Z'Z =y2 



33 



+iS^ 



3 



33 



■M 



33 



33 



Hence 



and substituting in the expressions for P and 1\ 






f ,j\ 



r 



)^^q^s){q-s)l 



4fc 



33 



35 



Hi 



?? 



>3 



J- 



33 



33 



35 



Similarly 
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a^[p-^r){q -{-s) — Z^{q+s){p' +r), 



?3 



X'W= 



?5 



P J 



5? 



8 



3 



;5 



Ot" 



;; 



4(y33_y3)2ZT = 

/3y[(_p-r)(/-/) + fe-s)(r/-s')]-/S2(i?-r)(f/-/)-y%-s)(/-/), 



J5 



Y'Z ^ 



J 5 



L 



yi 



J3 



7' 



^ 



?5 



whence 



4(a2_82)(W'X-X'W)--[(^ + r)fe' + /)-(p+/)fe+s)], 
4(^^^-/)(Z'Y -Y' Z) = -[(p~r)(2'-/)-(p'-r')te-6')], 

and substituting in the expressions for Q and. S 



4 



?? 



R= 



s? 



;; 



?? 



j; 



^; 



55 



133. Hence collecting and reducing 






5? 



E 



.x: 



(«2 + y32_y3, 



8^)( 



?? 



)__(a^_^2^y3™g2^( 



p; 



), 



4 



?? 



4 



? J 



a2 + ^3_y2_g2)( 



53 



) — (a''^-|-/3^"^y^"^S^)( 



>> 



), 



J5 



)+K-y8^+/-"8')( 



?> 



); 



we have jPo(=c/) = a^— ^^+7^—8^, 7^Q(=C8^) = a^+yS^— y^— S^, and thence 



the equations hence become 



?? 



}) 



AND DOUBLE THETA-FUFOTlONS. 993 

On writing in the equations u=0, then P, Q, E-, S, p', g', /, s' become = p, q, r, s, 
J9q, 0, Tq, ; and the equations are (as they should be) true identically. The equations 
may be written 

u u u u u vJ U lb ' U U It u u vJ u vJ 

c%S-\S-^ 3-^3-^ 3-^S-^ S-^3-^) c%3".3^ ^-.S-^ 3^.3-^ 3-^3^) 

-4(4.4-7.7+8.8 -11.11) +8(4.8 + 8.4-7.11-11.7), 

+ 8( „ ) -4( „ ), 

+ 4(4.7-7.4+8.11-11.8 ) -8(4.11-11.4 + 8.7 - 7.8), 

( „ ) 11 11 = -8( „ ) +4( „ ); 

and there is of course such a system for each of the 6 Gopel tetrads. 



(c* c*) 


U + ^iJ 

3- . 


U—l'J 

.3 


(8-4) 


4 


4 - 


( » ) 


8 


8 = 


( » ) 


7 


7 = 



Differential relations connecting the theta-functions ivith the quotient-functions. 

134. Imagine p, q, r, s, &c., changed into x^, y^^ #, iv^ ; that is, let x, y, z^ w represent 
the theta-functions 4, 7, 8, 11 of u^ v; and similarly x\ y\ %\ id those of ii\ v\ and 
i^Q, 0, Zq, those of 0, 0. Let u\ v be each of them indefinitely small ; and take 

5, =t^'— 4-'^'— as the symbol of total differentiation in regard to u, v, the infinitesimals 

au (a/v 

%i and V being arbitrary : then we have in general 

and hence 

P = (aj + to + 4^^^) (^ — bo? 4" 2^^^) > = ^^ + {xb^x — (to) '^) , 

and similarly for Q, R, S. Moreover, observing that x\ % are even functions, y^ / odd 
functions of {u\ v'), we have 

x\ y\ z',w'=XQ+lh%, hy^, %+|^%. ^^o^ 

where b%, by^, &c. are what b^x, by, &c., become on writing therein tt=0, v=0 ; 
by^, bwQ are of course linear functions, b%Q, b\ quadric functions of u and v\ The 

values of x^, y^, z^, lu^ are thus XQ^-^-x^b^XQ, {by^Y, z^^+ZQbh^, (bw^Y ; and we have 

MDCCOLXXX. "6 M 
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-fy" 


/£> 


9 /.> 





--zh^ 


€A/aO Xn 


{^y.f 


Zob\ 


ibw.Y 




+x^ 


-%f 


+ 2^ 


—IV^, 


/o 

X'^y ^ 


—-y^x^ 


-^zhv'- 


/.T 


=r -2/%2 


-—wh^ 


—if 


•\-a? 


— IV^ 


+z% 


xh'^ 


—y\D^ 


+^v^ 


^w^y^ 


— - <V tA/A 


+^%^ 


+ 2^ 


—w^ 


-\-x^ 


-f. 


x%'^ 


— ?/V^ 


+#y'^ 


— lyV^ 


= — ty%o^ 


-3/%^ 


— t(J^ 


+z^ 


-tf 


+a3^- 



135. On substituting these values the constant terms (or terms independent of u' v) 
disappear of themselves ; and the equations (transposing the second and third of them) 
become 



MyrtO'^jl/ri 



(^2/o)' 



0^5 0Q 



{hw^^ 



{^bh ■ 

{iVb'^W- 



>j 



}> 



(Gq^I/^ —^q^W^) 



■= ^ /)' 3^/53 5f„24/3 \ _« 



( 



(bz y] 
(bwy} 



( 
( 

( — Xq^Z^ + %%^ ) + ( 

( 



ojqV— %^2/^) •—( 



• Xq^x^ + ^Q^^^ ) — ( Xq^w^ — ^q2^2 ) — ( 
XQhv^ — ^Q^3/2 ) + ( -— Xq^x^ + ^0^^^ ) + ( 



x^y^ —^^nr^) — ( 






where it will be recollected that x, y, %, to mean ^4, ^^, ^^g, S-n (u) ; Xq is S-^^ (0) that is 
C4,, and Zq is ^-g (0) that is Cg. But the formulae contain also 



The formulae ma,y be written 



II 



u 



„ { ? 7 
,,{88 
„ {11 11 



te 



{ S- . b^S-'ibS-f} 



K. 



^h^% 



"~y—' 




4 4+8 8) 

4 7-8 11) 

4 8+8 4) 

4 11-8 7) 



(6c^) 



+ ( 4 7 ^8 11) 
— -( — 4 4 +8 8) 
+ ( 4 11 --8 7) 

+(—4 8 +8 4) 



Oq(^ (/q 



■^r- 



j 



-( 



■4 8 +8 4) 

4 11 -8. 7) 

•4 4 +8 8) 

4 7 --8 11) 



V, 



(hc,,y 



„_-^ 



+ ( 4 11 -8 7), 
— ( — 4 8+8 4), 
+ (4 7-8 11), 
-(-4 4+8 8), 



where h^c^, b\, hcp bcn are written in place of b%, h\, hy^, b%. There is of course a 
like system of equations for each of the Gopel tetrads. 

136. Observe that dividing the first equation by S-,i^{t(), or say by ^/, the left hand 
side is a mere constant multiple of 6^ log S-^^ ; and the right hand side depends only on 
the quotient-functions S-r^-^S-^, ^s'^^h^ ^11 "^'^4 > ^'^^^ ^^^^ ^^ ^ quadric function of (t/, v), 
and equating the terms in u'^y uv\ v^ respectively^ we have 



# 



ch(? 



i log K 






du dv 



dv^ 



each of them expressed as a linear function of the squares of the quotient-functions 

5-7-7-^4, '^8 "^'9-4, ^ix"^'9-4. The formula is thus a second-deviative formula serving for 
the expression of a double theta-fimction by means of three quotient-functions. 



AND DOUBLE THETA-FUNOTIONS. 
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Differential relations of the theta-f unctions, 

137. In '^The second set of 16/' selecting the eight equations which contain Y^ and 
W^, these are 

Vj->cn' u-u' u+2i' u-ii (Suffixes 1.) 

-J . ^ ^ . ^ Y W 

. > 

i{ 4 0-0 4} = Y' + W, 

12 8 - 8 12 = Y' -W, 

6 2-2 6 = W + Y', 

14 10 - 10 14 = W'-Y', 



i{ 5 1+1 5} 

13 9 + 9 13 

7 3+37 

15 11 + 11 15 



X' -Z', 

Z' +X', 
Z' -X', 



and then, considering any line in the upper half and any two hnes in the lower half, we 
can from the three equations eliminate Yj and Wj, thus obtaining an equation such as 



V4> Y', W 






= 0, 



viz., this is 



+( rw^+Y'zo(^5 ^i+^A) 

where the arguments of the theta-functions are as above, u-{-u\ u--u\ it+u', u—u'\ 
and the suffixes of the X', Y', 71, W are all =1. 

138. Suppose in this . equation v^ becomes indefinitely small; if u were =0 the 
values of X', Y', 71 ^ W would be a, 0, y, 0: and hence u being indefinitely small we 
take them to be a, b/3, y, bS, where 



bA =(^~+^x.^ Y, and hh, =.[n'^^v'^±\ W, {u=v=0). 



dit 



dvj . 



,d ,d 

v-v — 

dvj dv 



^re in fact linear functions of it and v. 
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We have S-^S-^— .9-qS-^ standing for 

3-,^{u + ih)\{u — u') — ^0 {it + to') 3-^ (u — u') , 

and here ^J(u^±.u)'=^B-^±hB-^, '9-o(^^±^0='^oi^'^o5 ^^^ function in question is thus 

where the arguments are {u, v), and the c) denotes u- — h'^^S". 

^5^1+5-1^5, that is ^5{t^+t/)Sj(M— t^')+^i('W+'^^'0'^5('^'"'^Oj hecomes simply zzz^^^B^^y 
and similarly '3-135-9+^95-13 becomes =25-135-9; and the equation thus is 

-2aiyi(^ob5,-^,b5o) + (ai6Si+7ib^i)5A+(-^i^Si^ 

where the proper sufEx 1 is restored to the a, h^, y, and 58. 

139. The equation shows that the differential combination 5o554^— 5-^55-0 is a linear 
function of 555i and 51359, the coefficients of these products being of course linear 
functions of u' and v ; writing the equation 



V^,-^,b^o=AVi+B^isa 



05 



we can if we please determine the coefficients in terms of the constants g\ c^\ c'^\ c"', c^; 
viz., taking u^ v indefinitely small, we have 

5^ := C4, 55o = %b{c^''u + Cq^^'z;) + v {c^'^u + c^v) , 
^i^^^i> '3-5 = Cgte^+Cg v^ 

or substituting, and equating the coefficients of u and v respectively 

c,{c:''u'+cfv')-c^^^^^ +Bc9Ci3^ 

C^^ci'U+C^^v') — C4(Co^%'+CoV) =Acic/' + Bc9Ci3'', 

which equations give the values of A, B. 

140. Disregarding the values of the coefficients, and attending only to the form of 
the equation 

^(P^ii 54p5Q=A555i+135i35g, 



AND DOUBLE THETA-FUFOTIONS, 997 

this is one of a system of 120 equations; viz.: referring to the foregoing table of the 
120 pairs, it in fact appears that taking any pair such as ^q^-^ out of the upper com- 
partment or the lower compartment of any column of the table, the corresponding 
differential combination 9^Qh\'—9-,iJbS-Q is a linear function of any two of the four pairs 
in the other compartment of the same column. 



Differential relation of it, v and x, y. 
141. We have as before, in the two notations, the pairs 

-l\. . Jl5 1 1 » / 



c 


. DE 


5 . 


9 


D 


. CE 


13 . 


- I 


E 


. CD 


14 . 


2 


JH' 


. AB 


10 . 


6 



and from the expressions given above for the four pairs below the line, it is clear that 
any linear function of these four pairs may be represented by 

1 . 

(a— 6)^ { (X+/X2/) V cdefa^b, + (X+/xcc) vc^^e/^ab } , 

where X, /x are constant coefficients, and the factor {a-— 6) has been introduced for 
convenience, as will appear. 

We have consequently a relation 

\/ did,h\/hh^-- \/hhp\/ d,2i=~-~j~' { (X+fJiy) v'^cdefa b^ + (X+i^^)\/c^d^e/ab}, 

d ,d 
where as before h is used to denote u~ — ^v^^ "^^ ^i^d v being arbitrary multipliers ; 

considering % v as functions of x^ y^ we have 

d dx d dy d 

du dib dx dtc dy 

d dx d dy d 

dv dv dx dv dy 

and thence b=P-; — hQv" if fo^ shortness P, Q are written to denote u'-r-k-v' — and 

dx ^dy ^ du ^ dv 

4y ^ Ay 1* ^ 

u-f-A'V -r respectively, 
dib dv ^ ^ 
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142. The left hand side then is 

=P( \/aa^^\/bb^---A/bb^™\/aaJ+Qf \/aa^^r;v^bb^---\/bb^^\/aaJ ; 

the coefficients of P and Q are at once found to be 

— i(a— h)v/aX i(a,— b^\/ab ^^,^,,^j.- ,,,u, 
= — 1"^- — ^-L- ' s — i"^-"^ — /^— respectiYelyj 
\/ab va^b, 

or observing that a— b, =a^— b^j ^za-^-h, the equation becomes 

^IT^'^^^^T^^ ~•^{(X+/x3/)^/cde%b, + (X+/x^) v^c^,d,e/,ab} ; 

or multiplying by \/aba^ and writing for shortness abcdef=X, a^b^c^d^e/^=Y, this 
becomes 

a>,{P+|{X+/xy)v/X}+ab{ + Q|(X+/x^)^/Y} = 0, 

143. There are, it is clear, the like equations 



b,c {P+-|\'+^'^)yx }+bc{Q+|x'+/.'cc) >/Y } =.0, 



cA{P+^(X"+/.'V)v/X}+ca{Q+|(X"+/."a;)yY}=0, 

and it is to be shown that X=X^=X'' and fjL=: ijf= jx^^ For this purpose recurring to 
the forms 

A/aa^bv^bb^ — v^bb^&v^aa^==-X~{{X+i^3/)'\/cdefa^b^ H-(X +i^^ )\/c,d^e/^ab}, 



\/bb^b \/cG^ — \/cc^5 A/bb^ = ~j- { (X' + /^ V) A/^defb^c^ + (X' + i"''^ ) \/a,d^e/^bc } , 
\/cc^6 v^aa^ — -v/aaTb^/cc^ = -^ { (X^^ +/x^^y) \/ bdefc^a^ + (X^' + ja'^cc) v^b d^e f^ca} , 

multiply the first equation by \/cc^, the second by \/aa^5 and the third by A/bb^, and 
add : the left hand side vanishes, and therefore the right hand side must also vanish 
identically. 
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144. But on the right hand side we have the term ^\/defa,b^c^ multiphed into 

and the terro — ^\/d^e/^abc multiplied into 

and it is clear that the whole can only vanish if these two coefficients separately 
vanish. This will be the case if we have for X, X\ X'' the equations 

(a-6)X+(6-c)V+(c-a)r=:0, 
c ,, +a „ +b ,, =0, 

and the like equations for /x, /x', [/\ The equations written down give 

(a— &)X : {h-—c)y : (c— a)X''=a— -& : 6— -c : c—a 

that is X=X'=:X'': and similarly ix=[x'=fji^\ 

145. But this being so, the three equations in P, Q give 



that is 



dio dv x—y^ ' ^ 

In these equations u and v' are arbitrary ; hence X and /x must be linear functions of 
u and V ; say their values are = ou-^-pVy o-u-^-rv^ respectively. We have therefore 

t = -l(^+^WY. f=-l(p+..WY. 
or, what is the same thing, 

—^6-^={r;T+(Ty)du+{p+Ty)dv, 
—^6-y=={7!T-{-crx)du-]- {p-\-Tx)dv, 
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whence also 

7,7 ^ ( dx cly \ 

which are the requh^ed relations^ depending on the square roots of the sextic 
functions X=abcdef^ and Y=a^b^c^d^e/^ of x and y respectively; but containing the 
constants ct, p, a, r, the values of which are not as yet ascertained, 

146. I commence the integration of these equations on the assumption that the 
values u=0, v=0 correspond to indefinitely large values of cc and y. We have 

X=x«(l--^+..),T=/(l-^5+..), 
where S=a+6+c+(i+e+/; and thence the equations are 

o-du'-\-Tdv= -1-^(1 + ^ • • I"— i~T( 1+^ . • I 



hence integrating 



and thence 



r^du+pdv=--^^^(yi'^^ . . j+i^(^i+^ . . y 






t^^^+/)t;+iS(crt^+T'y)=-|(-~--)+ . 



1 1 
where the omitted terms depend on — ., — &c. 

Hence neglecting these terms 



an equation connecting the • indefinitely small values of % v^ with the hidefinitely 
large values of x^ y, 

147. From the equations A=^i]^&)\/c/, B=:yE;^(x)\/6, taking {u^ v) indefinitely small and 
therefore {x, y) indefinitely large, we deduce 



AKD DOlJBLli TOHETA-lIJlsrCTIOFS. 



iooi 



Cn% + Ci/^'y 



'^11 1 



ai 



11 



(?^% 4- Crl'^ 



rCff X 






1 . 1 



and hence substituting for -+~ the foregoing value, and introducing an indeterminate 
multiplier M, we obtain 



y 



C^(U'\-G^{%:==:MkYi{'TJSU'\-pV'^ 



which breaks up into the two equations 



Ci/=M/qi{t^+(iS+ia)a-}, Cn"=M^H{p+(iS+ia)T} 



and thence also 
















c/ — M^7 { 




6 


}, 


c/' =M^7 { 




& 


}. 


c/=M^a 




c 


}, 


c/'-M^, { 




c 


}, 


Cl3-M/Ci3{ 




cZ 


}, 


<'=M^13{ 




(^ 


}, 


<-M^H.{ 




e 


}, 


c,/=M^,J 




e 


}, 


Cio'=M^io{ 




/ 


}, 


Cio"=M^io{ 




/ 


}, 



which twelve equations determine the coefficients w, or, p, r in terms of the c/, d' of the 
odd functions 5, 7, 10, 11, 13, 14 ; and moreover give rise to relations connecting these 
c', d^ with each other and with the constants a, 6, c, d^ e, /. 
148. It is observed that if as before 



ai6 dv ax ay 



then, substituting for P, Q their values, we have 






d 



d 



^= -^(-^^'+/>^0^^/X^-+^/Y^j■~^(^^^ 






d 

'dx 



dy^ 



{mu + pv) 6i + {a-vf + rv')h 



2? 



if for shortness 



^1= -I(v/x|.+y y|), b,= -?(y^x|+x^Y| ), 



'dw 



viL\j\j\j\jijJ\.jl\.u\.t 
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and then operating witli h on the equations A=o}k^iAyab, See, we have for instance 

AbB-BhA=:a>%^jm{t^u+pv) (^abj v^"6- v^66i v^«) 

which is one of a system of 120 equations^ the A^ B being in fact any two of the 16 
functions. 

These are in fact nothing else than the foregoing system of 120 equations giving the 
values of the differential combinations S-QbS-i—S-^bS-Q, &c., each as a sum of products of 
pairs of functions, only on the right-hand sides we have expressions such as 

A/abiA/h-— ^bbl^/a, &g., which present themselves as perfectly determinate functions 
of X, y : so that regarding Tsjitf-^pv, aU'\-TV as given linear functions of the arbitrary 
quantities u% v% there is no longer anything indeterminate in the form of the equations. 



